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Abstract—This correspondence considers block detection for blind wire-
less digital transmission. At high signal-to-noise ratio (SNR), block detec-
tion errors are primarily due to the received sequence having multiple pos-
sible decoded sequences with the same likelihood. We derive analytic ex-
pressions for the probability of detection ambiguity written in terms of a
Dedekind zeta function, in the zero noise case with large constellations. Ex-
pressions are also provided for finite constellations, which can be evaluated
efficiently, independent of the block length. Simulations demonstrate that
the analytically derived error floors exist at high SNR.

Index Terms—Blind detection, block detection, error floor, fading,
noncoherent communication, number theory, sequence detection, wireless
communications.

1. INTRODUCTION

Reliable reception of digital signals over unknown fading channels
has recently received significant attention especially for the case of
the block-fading channel model. For example, under the assumption of
transmitter co-operation, some elegant information-theoretic capacity
results have been derived for noncoherent single or multiple-antenna
systems at high SNR [1]-[3]. At low signal-to-noise ratio (SNR) it has
been shown by numerical simulation that quadrature amplitude modu-
lation (QAM) signaling can achieve near-capacity in the single-antenna
noncoherent block Rayleigh-fading channel [4]. The challenge is to in-
vestigate the practical block error rates (BLER) which can be achieved.

The main problem with noncoherent reception is the inherent am-
biguity associated with the joint estimation of channel and data. For
example, in a block-flat-fading single-antenna noncoherent model, a
detection ambiguity exists if one possible transmit-symbol sequence
is a complex scalar multiple of another. Even in the absence of noise,
two problems arise. First, there is the well known problem of phase
ambiguity [5]. For example for rectangular QAM, because of the 7 /2
rotational symmetry there is no way to tell at the receiver which of four
possible phases has been imposed by the channel.

The second problem is what we call divisor ambiguity. The simplest
example is to be found in pulse-amplitude modulation (PAM). Consider
Fig. 1(a), in which a simple 4-ary PAM constellation is depicted. If only
the highlighted points of the constellation were selected for transmis-
sion in a particular block of data, it would be impossible at the receiver
to decide between the correct channel amplitude and a value three times
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smaller—even in the absence of noise. Confusion at the receiver about
the correct divisor will lead to decoding error. In Fig. 1(b) and (c), we
show how similar ambiguities can arise in both rectangular and hexag-
onal QAM; where now the ambiguous divisor is a complex number,
meaning that the ambiguity can be of both amplitude and phase. The
performance degradation due to sequence ambiguities was examined
through simulation in [6] for BPSK in ISI channels. More recent work
has included a technique proposed in [7] for QAM constellations.

In this correspondence we consider the probability of block detection
error due to divisor ambiguities when transmitting over block-fading
narrow-band channels. We derive analytical expressions for the BLER
at high SNR of PAM, rectangular QAM, and a hexagonal QAM con-
stellation representing the optimum sphere packing in two dimensions.
These expressions have practical relevance for fast fading channels
where the use of pilot symbols would severely limit the throughput and
outweigh their usefulness for channel estimation, even at high SNR.
Our analysis exploits the fact that these constellations can be repre-
sented as subsets of the rational, Gaussian or Eisenstein integers re-
spectively. We first show that, in the absence of noise, a divisor am-
biguity occurs only when the greatest common divisor of the (integer)
transmit vector has a magnitude not equal to 1. By taking the limit as
the constellation size goes to infinity, we derive BLER expressions in
terms of a Dedekind zeta function of the sequence length. The proba-
bility of detection error thus decreases roughly exponentially with se-
quence length. We also derive exact expressions for finite sized constel-
lations in terms of finite sums over the constellation points. Numerical
evaluation indicates that these expressions converge to the infinite con-
stellation size BLER as the block length increases. Interestingly, the
convergence is not monotonic with increasing constellation size.

Finally, Monte Carlo simulation results are presented for the max-
imum likelihood (ML) noncoherent detector. The results show very
good alignment with the theoretical expressions.

II. MATHEMATICAL BACKGROUND

First we present some elementary results in number theory. For more
details see [8].

A. Gaussian and Eisenstein Integers

The Gaussian integers Z[¢] are the set of all complex numbers @ + bi
where both a and b are rational integers, and 7 = \/—1. Like rational
integers, they form a unique factorization domain, i.e., they can be
uniquely factorized into prime factors. Any z € Z[i] can be expressed
as z = pip2...pn~ Where the p; are Gaussian primes. If a Gaussian
integer is prime then so is its product with a unit =1 or %i. Primes re-
lated in such a way are called associates. Prime factorization is unique
up to rearrangement of terms and substitution by associates.

The Eisenstein integers Z[w], are the set of all complex numbers
a + bw where a and b are rational integers and w = é(—l +iV/3).
The units of the Eisenstein integers are £1, +w and +(1 + w). The
Eisenstein integers also form a unique factorization domain.

We use R to denote a ring of integers, and F » to denote an appro-
priate extension field of I?,i.e., Fz = R, and Fz[;) = Fzp) = C.

B. Ideals

An ideal J is a subset of the ring of integers IR with the properties
that, when a,b € Jandr € R,thena + 0 € J and ra € J. For
the rational, Gaussian and Eisenstein integers, an ideal J can be rep-
resented by just one element, its generator. Given a generator g, the
ideal is the set {kg | k € R}. We use the notation {g) to represent the
ideal generated by g. The generator is not unique if R has more than

0018-9448/$20.00 © 2006 IEEE
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Fig. 1. Basic constellations and pathological sub-constellations (highlighted) that result in a divisor ambiguity, (a) quarternary PAM, (b) 16-ary square QAM,

and (c) 16-ary hexagonal QAM.

one unit, since multiplication by a unit yields another generator of the
same ideal. Therefore in the rational integers, {¢) = (—g), and for the
Gaussian integers, (g) = (—g) = {ig) = {(—ig).

We define the norm N (g) of an ideal g = (g) in the number-theo-
retic sense, for example, for the rational integers N(g) = |g|; for the
Gaussian integers, N(g) = |g|*> = |a + bi]* = «* + b*, where | - |
denotes absolute value! and here ¢ = a + bi; and for the Eisenstein
integers, N(g) = |g|* = |a+bw|* = a® — ab + b?, where here
g = a—+ bw.

Ideals can be multiplied by multiplying the generators, and there-
fore they can also be factorized. In fact, if R is a unique factorization
domain, each ideal in R has a unique prime factorization into prime
ideals. The prime ideals have prime generators.

Notice that {0} is a special case of the ideals, in that it is the only
ideal that contains a finite number of elements. We will take care to
exclude this zero ideal from consideration.

C. Zeta Functions

For the natural numbers the Riemann zeta function is defined for
s > 1as

oo

A —s
= E m .

m=1

¢(s)

The Dedekind zeta function is a generalization of the Riemann zeta
function defined over ideals of an arbitrary ring of integers R. It is
defined as the infinite sum of ideals

!

Cr(s) £ D N(m)~*

mCR

6]

14
for s > 1, where we use Y, to indicate that the sum excludes (0).

From (1) the Dedekind zeta function defined over R = 7 is

I4

Similarly, the Dedekind zeta function defined over R = Z[i] is

!

z1i(8) = Z N(m)™*

mCZ[i]

=SS e
a=1b=0

= 3(s){(s)

where /3(s) is the Dirichlet beta function
Bls) £ (=)™ (2m+1)7"
m=0

Finally, the Dedekind zeta function defined over R = Z[w] is

’

>

mCZ[w]

<Z[w](5) = N(m)fs

oo a—I1

Z Z(az b4 )

a=1 b=0

=L 5(s)C(s)

3(s) is a Dirichlet L function defined as

where L _

oo

1 1
L-a(s) = Z BGm+1)°  (3m+2)°

251n(2"”’)
e

m?
m=1

D. The Mobius Function and Inversion Formula

When the ring of integers IR is also a unique factorization domain
such as Z, Z[i] or Z[w] by following [8] we can generalize the (clas-
sical) Mébius function and related theorems and identities, to be de-
fined in terms of the ideals of 2. We define the Mobius function as
shown in the equation at the bottom of the page. A well-known iden-

5) = N(m)™® = ({(s).
z(5) mzc:z (m) <(s) tity that we now define in terms of ideals is that for s > 1,
c 1 /
= 3 u(m)N(m)~
IThe notation | - | will also be used for sets, to indicate cardinality. Cr(s) mCR
0, if m has one or more repeated prime ideal factors

p(m)y =<1, ifm= (1)

(_1)k7

if m has £ unique prime ideal factors.
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Fig.2. Hexagonal 64-QAM constellation. Dots indicate constellation points. Crosses indicate other points in the hexagonal lattice. The hexagons are the Voronoi

cells of the constellation and the circles are the corresponding sphere-packing.

There are a great number of inversion formulae associated with the
Mobius function. We can obtain the following theorem for ideals, by
following the same arguments in deriving Theorem 270 from [8] (see
also [9]).

Theorem 1: Given functions A and B defined on the ideals of R
I3
A(n) = Z B(mn)
mCR

if and only if

!

B(n) = Z p(m)A(mn).

mCR

Also note that a function f is multiplicative if f(mn) = f(m)f(n)
whenever the greatest common divisor of m and n is (1). Consequen-
tially, we can also restate Theorem 3.1 of [10] in terms of ideals.

Theorem 2: 1f f is defined on ideals in R and f is multiplicative,
then

Yorm= 1] Y re"
mCR p prime k=0

whenever either side is absolutely convergent.

III. SYSTEM MODEL

A. Signal Model

We assume that at time ¢ the transmitted symbol x; is independently
and uniformly chosen from a constellation C C R, where for PAM

R = Z, for rectangular QAM R = Z[i], and for hexagonal QAM
R = Z[w].

For M-ary PAM, M is even and C is the set of odd integers in the
range [—-M + 1, M — 1]. For rectangular QAM the points are taken
from the complement of the ideal {1 + 7). This is to aid our analysis,
and is in contrast to the standard parametrization (i.e., as a subset of
the Gaussian integers with odd real and imaginary components). Note
that in our parametrization the rectangular constellation is rotated by
45° and the amplitude is scaled by a factor of 1/+/2. More specifically,
C C Z[i] \ {1+ ¢), where ¢ \ b indicates the set of integers formed
by taking the ideal ¢ and excluding the ideal b. Note that the particular
subset defines the constellation shape. For example, for square M -ary
QAM, ¢ € Z[i] \ (1 + &) with |Re{x:}| + |Tm{x:}| < VM — 1.

We also analyze a useful class of hexagonal QAM constellations.
The hexagonal lattice provides the densest sphere packing in R* or
equivalently C [11, p. 12], and thus is more power efficient than rectan-
gular QAM [12]. The set of points of the hexagonal lattice on the com-
plex plane is given by the set of Eisenstein integers Z[w]. All points
can be written in the form x; a + bw, where a,b € Z and w =
%(—1 + 1/3i). In this correspondence, we examine the constellation
formed from the subset Z[w] \ (2) with the added restriction that if
x¢ = a+bw € C, thena is even and b is odd.2 Fig. 2 shows an example
64-ary hexagonal QAM constellation satisfying these conditions.

For the purpose of analysis in the rectangular and hexagonal QAM
cases we will also make the following technical assumption. Namely,
that each ¢ lies inside a region AS, where A > 0 is an appropriate

2Note that there are at least two other natural ways to align hexagonal con-
stellations in a coordinate system. The results we derive in this correspondence
only apply to the alignment we are considering. However, corresponding results
can be derived for other alignments by directly applying the same techniques.
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Fig. 3. 64-QAM constellation, with an appropriate choice of AS. The inner circle shows the region given by A times the first condition on S, and the outer circle
shows the region given by A times the second condition on S. These regions correspond to A = 7.

real scaling factor, and S is a region of the complex plane satisfying
the following conditions:

1) a € Sforalla € Csuch that |a]? < ‘5 (inner circle condition);

2) «a ¢ Sforalla € Csuch that|a|? > 1 (outer circle condition);

3) the area of S exists, i.e., its indicator function is Riemann inte-
grable.

Defining the boundaries of the constellation in this fashion allows us to
incorporate all power-efficient rectangular QAM constellation shapes
into our analysis, such as square, cross and circular constellations. Sim-
ilarly, various hexagonal QAM constellation shapes can also be incor-
porated.

In Fig. 3, we plot C for a square 64-QAM constellation (rotated and
scaled, so as to be a subset of Z[¢] \ (1 + ¢)), along with a possible
choice of AS. The inner dashed circle corresponds to condition 1 scaled
by A. The outer dashed circle corresponds to the inner dashed circle
scaled by A. Clearly, S satisfies the three conditions. Moreover, note
that all the points in C lie in AS.

We consider flat fading channels with additive white Gaussian noise
7+, with variance o per real dimension in the PAM case, or per com-
plex dimension otherwise. We assume that the channel 4 is constant for

n symbols and thus we can write the channel outputy = (y1,...,4n)"
in terms of the input sequence & = (1, ...,x,)" as follows:
y=hz+nq 2

where = (31,...,7,)", and for PAM h and 5; are real with & > 0,
and for QAM & and 7, are complex. As mentioned previously, when i
is complex there exists a phase ambiguity regardless of the number of
symbols measured.

B. Detection

The log-likelihood function for PAM, rectangular QAM and hexag-
onal QAM is
L(y:z.h) = —|ly - ha||” 3)
where constant factors have been discarded and ||-|| represents the Eu-
clidean norm of its argument. It follows that the ML estimate of A,
given z, is
. ="y

hML = 7—5
[l

“
where (-)* denotes Hermitian transpose.

Therefore, the conditional ML estimate
training data) is given by

of & (in the absence of

S H
. . &y
= ar <Ly z, —>
M, alggé%:: <y,m, ||1:||3)
S H
= arg max |1:Ay|. 5)
R Tl

This data estimate is equivalent to that produced by the Generalized
Likelihood Ratio Test [13].

We will assume that detection up to a phase ambiguity is a correct
detection, and the phase ambiguity is resolved otherwise. Finally, for
cases where there is more than one value of & which maximizes (5), we
will choose the estimate for which the corresponding har, is largest.
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IV. ASYMPTOTIC BLOCK ERROR RATE

Note that for any nonzero scalar 3 € Fr

="yl _ |(B2)"y|
Il | 5|

Therefore, even in the absence of noise, the conditional-ML estimate
is not unique if there exists an@’ € C™ and v € Fr such that 2’ = ~a.
It can easily be shown that this is the only condition for a nonunique
estimate.

Recall that in the detection algorithm we have proposed, we choose
the largest value of I (or equivalently the smallest &), whenever there is
a tie in the likelihood. Clearly, if |y| < 1 the conditional-ML estimate
would be chosen to be 2', corresponding to a detection error.

To evaluate the probability of such errors occurring, we consider all
(z',~) pairs which correspond to . Note that the elements of 2’ and
2 are in R, and as such v must be rational and can be written in lowest
terms v = p/q. It follows that {¢)|{x.) for all ¢. As discussed above
detection errors occur when (v) < 1, and since p/q is in lowest terms,
it corresponds to |¢| > |p| > 1. Therefore, if a detection error occurs
in the absence of noise then

gei{(zn), ..., (wa)} # (1) (©)
where gci{-} is the greatest common ideal divisor or equivalently the
greatest common ideal (g.c.i.) of its arguments. We now show that the
reverse also holds; i.e., that (6) implies an error.

For PAM, notice that the g.c.i. of # cannot have an even gener-
ator, since each of the x; are odd. It follows that if {g) is the g.c.i.
of @ then ¢~ ' 2 has odd elements, and therefore ¢~ '2 € C". In other
words, when (g) # (1) there is another sequence #' = g~ ' which
also maximizes the likelihood function, and which has a larger cor-
responding channel estimate ﬁ'ML = | g|7lx1L. Since our detection al-
gorithm chooses the sequence with the largest corresponding channel
estimate, a detection error will occur. Thus (6) is also a sufficient con-
dition for an error in the PAM case.

Similarly, for rectangular QAM, the g.c.i. of & cannot be in {1 + 7)
since @, € Z[i] \ (1 + ). Therefore, if (g) is the g.c.i. of &, then
g~ ' has elements in Z[/]\ {1 + 7). Note also that the smallest possible
common ideal other than (1) has a generator with magnitude greater
than or equal to v/3. Therefore for (g} # (1), we know that each
element of g~ ' is inside the inner circle condition of the region AS
described in the previous section. Hence, g '& € C", which will lead
to a detection error. Therefore (6) is also a sufficient condition for an
error to have occurred in the rectangular QAM case.

For hexagonal QAM, the g.c.i. of @ cannot be in {2) since x; €
Z[w]\(2). As in the rectangular QAM case, if {g) is the g.c.i.\ of « then
2" £ g~ '2 has elements in Z[w] \ (2), however it is not necessarily
the case that '’ has elements =} = a} + b}’ w such that a} is even and

¢ is odd (as required for hexagonal QAM). However, there does exist
a unit of the Eisenstein integers, u, such that z = gfl ux has elements
2} = a}+Dbjw such that a} is even and b; is odd for all ¢. As before, note
that the smallest possible common ideal other than (1) has a generator
with magnitude greater than or equal to /3 in this hexagonal QAM
case. Therefore for (g} # {1), we know that each element of z' is inside
the inner circle condition of the region AS described in the previous
section. Hence, ' € C™ and a detection error occurs. Therefore (6) is
also a sufficient condition for a detection error to have occurred in the
hexagonal QAM case.

This leads us to the following theorem giving the probability of de-
tection error in the absence of noise as a function of the sequence
length. The following theorem applies to PAM, rectangular QAM and
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hexagonal QAM and is a generalization of a result for rational integers
[14, p. 523] and [15, Th. 3.1].

Theorem 3: Let E represent the event that a conditional-ML detec-
tion error is made on a series of n noiseless observations of M -ary
PAM, rectangular QAM or hexagonal QAM symbols y, as defined by
(2). If each source symbol z; € C C R (where for PAM R = Z, for
rectangular QAM R = Z[i]; and for hexagonal QAM R = Z[w]) is
independent and uniformly distributed, then

1

lim Pr{E}=1- = :
Ao (1= N(o) "Cr(n)

(M

where for PAM and hexagonal QAM o = {2}, and for QAM
0 = (1 + i}. The scaling factor A is defined for rectangular QAM and
hexagonal QAM as in Section III, and for PAM A = M.

Proof: Consider a random independently chosen sequence x; €
C C R,t =1,...,n. Define G = gcif{x1),...,{(xn)}. From the
foregoing discussion, we know that a detection error can only occur
when G # (1). Hence,

Pr{E} =Dr{G # (1)} = 1 - Pr{G = (1)}. ®)

Let D, be the event that the ideal ¢, divides each (). We can relate
Pr{D.} to G as follows:

!
Pr{D} = ) Pr{G=mc}.
mCR
Applying Theorem 1 gives

!

Pr{G=c}= Z p(m)Pr{Dm}.

mCR

(&)

Now, we are interested in the case ¢ = (1} in the limit A — oo, i.e.,

!

lim Pr{G = (1)} = lim > w(m) Pr{Dn}.

mCR

In order to exchange limits and summation (on the right hand side of
(9)), we apply the Weierstrass M -test to the summands. We show sep-
arately that the Weierstrass M -test is satisfied for PAM, rectangular
QAM and hexagonal QAM in Appendices A, B and C respectively.
Hence, limits and summation can be swapped and we have

’
/\151; Pr{G = (1)} = ;%AIEI;@ p(c)Pr{D.}. (10)
For PAM, rectangular QAM and hexagonal QAM
lim Pr{D.} :HA@;Pr{q(mt)} (11)

where the notation ¢|b indicates that the ideal ¢ divides the ideal b, i.e.,
that the points in b are contained in ¢.

As A — oo, we have for PAM and rectangular QAM: C — (1) \ o,
where 0 = (2) for PAM, and o = (1 + i) for rectangular QAM.
Therefore, as A — oo, the probability that ¢|{x;}, is the ratio of density
of points (which we define as the number of integers per unit volume)
in ¢\ o to the density of points in (1) \ o.

For PAM and rectangular QAM, note that since an ideal [ is a lattice
with determinant N ([), the density of points of an ideal [ on the plane
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is 1/N(I) [11]. Correspondingly, for [ such that o 1 [, the density of
points of [\ o0 is 1/(2N(I)), and for [ such that o | I the density of
points is zero. Therefore, for o 1 ¢

ON((1)) 1

dim Prieleo) = S50 = ¥

In the hexagonal QAM case, as A — oc the constellation C ap-
proaches the set {x = a + bw|z € {1} \ o0, a even,b odd} where
0 = (2). The density of points of an ideal [ on the complex plane in
the above set is 4/(3+/3N (1)). Correspondingly, for [ such that o 1 [,
the density of points of [\ o in the above set is 4/(3v/3N(I)), and for
[ such that o | [ the density of points is zero. Therefore, for o 1 ¢

_ 3VBN((1) 4 _ 1
o 4 3V3N(c)  N(e)

/\lim Pr{c|{x:)}

which is the same expression derived for PAM and rectangular QAM.
Therefore for PAM, rectangular QAM, and hexagonal QAM, we obtain
from (11)

1 n .
lim Pr{D.} = (N(c)) » ifote (12)
A—oo 0, otherwise.
Substituting (12) into (10) gives
!
lim Pr{(G = (1)) = Z ple)d(e)N(c)™ ™ (13)
— o0 o
where d(c¢) = 0if o | ¢ and 1 otherwise.
Applying Theorem 2 gives
Jim Pr{G = (1)} = p 11 Zoma )d(p™)N (p) (14)
prime m=
=[] a-5m™) (15)
p prime
pFo
— —1
1
= —— (16)
\ IH 1-N(p)~"
L »#o
- -1
= II > ve™ (17
p prime m=0
L »0
- —1
!
=) N (18)
cCR
L otc
r —1
! !
= YN =S N (19)
cCR cCR
L ofc
- , —1
= [(1=N()™) Y N@©)™" (20)
cCR

where (15) follows from (14) since it can be easily verified that the
component functions (- ),d(-), and N(-) are multiplicative; (17)
follows from (16) since N(p) > 1 for all p; cross-multiplying the
terms of (17) produces a summation over all elements in R such that
0 t ¢ resulting in (18).

Substituting (20) into (8), and substituting the appropriate value of
N (o) gives the result. O
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Note that (7) yields a very good approximation to the probability of
a detection error for finite sized constellations, as will be demonstrated
via numerical studies in Section VI.

Note that it is possible to make simple approximations to (7). Using
(13) we see that for PAM

A}121%}’1“{(;_(1)}_1—3 -5 "+
and hence, limy—o Pr{E} & 37 ". This indicates that the BLER is
dominated by the probability that all the x; are multiples of 3.

For rectangular QAM, we get limy_—.. Pr{E} =~ 2-57", hence
the BLER is dominated by the probability that the x; are all ele-
ments of either (24 7) or (1 + 2i). For hexagonal QAM, we get
limy_.. Pr{E} & 37", hence the BLER is dominated by the
probability that the x¢ are all elements of (2 4+ w).

V. ANALYSIS FOR FINITE CONSTELLATIONS

‘We now present closed-form expressions of the probability of detec-
tion error in the zero noise case, for finite /1. Naively, we could check
all M™ possible transmitted sequences. However, this is infeasible for
large n. We perform a counting argument, which is applicable to PAM
and both QAM schemes and could easily incorporate a variety of lat-
tice based codes.

We define D¢ (D) as the set

De(d) £ {a:qNC#0.2|q} @1)
for all © such that g N C # (.

As discussed in Section IV, any transmitted sequence which has a
g.c.i. not equal to {1} will result in a detection error. Equivalently, any
transmitted sequence made up of the integers which are elements of
De(0) where 9 # (1) will result in a detection error, since the g.c.i.
must then be divisible by 9. The number of sequences of ideals of
length n formed from D¢ (D) is |De(0)|™ where here | - | denotes set
cardinality.

We now proceed to count the total number of sequences resulting in
a detection error. This is found by summing [De¢(9)|™ over all possible
divisors 9 # (1) and taking care to avoid counting a sequence multiple
times, i.e.,

= Y u®)De(d)]"
Jerst

(22)

where the Mobius function is used to ensure each sequence is counted
only once. The probability of detection error can be calculated by di-
viding (22) by the total number of sequences.

We are now able to state main results for PAM, rectangular QAM,
and hexagonal QAM.

Lemma 1: Let E represent the event that a conditional-ML detec-
tion error is made on a series of n noiseless observations of M -ary PAM
symbols y, as defined by (2). If each source symbol 2: € C C Z \ (2)
is independent and uniformly distributed then

Pr{E} = — <%> Mil u(d) {Wr

d=3
d odd

(23)

Proof: We first substitute the natural number d for 0 in (22)
which is permissable since it is the generator for the ideal. For PAM, it
can easily be shown that |[De(d)| = [(M — 1 4+ d)/(2d)]. To obtain
Pr{E}, we divide (22) by the total number of ideal sequences of
length » which can be made from C, which is (M/2)". |
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Fig. 4. Pr{E} for various M -ary square QAM modulation schemes.

Note that if we take the limit of (23) as M — oo and assume that
the limit and summation can be swapped, we obtain (the PAM case of)
the asymptotic expression (13).

Lemma 2: Let E represent the event that a conditional-ML detec-
tion error is made on a series of n noiseless observations of M -ary rect-
angular QAM symbols y as defined by (2) with the added condition that
the rectangular QAM constellations are invariant to rotations of multi-
ples of 90 degrees (i.e., if #; € C then ax; € C, where « is a unit of
the Gaussian integers). If each source symbol =y € C C Z[i] \ {1 + %)
is independent and uniformly distributed then

=5

where D¢(0) is given in (21).

Proof: For rectangular QAM, the cardinality of the set D¢ () is
calculated by brute force enumeration. To obtain Pr{E'}, we divide
the number of error (ideal) sequences given in (22) by the total number
of sequences of ideals of length » that can me made from C, which is
(M/4)". ]

> 1(d)|De(2)]"
eC
2£(1)

Lemma 3: Let E represent the event that a conditional-ML detec-
tion error is made on a series of n noiseless observations of M -ary
hexagonal QAM symbols ¥ as defined by (2) with the added condi-
tion that the hexagonal QAM constellations are invariant to rotations
of 180° (i.e., if ¢ € C then —z; € C). If each source symbol z; € C
is independent and uniformly distributed then

—

where D¢ (0) is given in (21).

S @)D"
el
0£(1)

Proof: The proof is identical to the previous lemma, with the ex-
ception that the total number of sequences of ideals of length n that can
me made from C is (M /2)". d

By way of example, Fig. 4 shows Pr{E} versus sequence length
n for various M -ary square QAM constellations. The limiting case
M — oo given by Theorem 3 is also plotted. Similar graphs can be ob-
tained for PAM and hexagonal QAM. Clearly, as M increases, Pr{E'}
approaches the limiting case. Note that for a given sequence length
n, Pr{E} is not a monotonic function of M, which ultimately relates
to the distribution of primes. Recall at high SNR Pr{E} is intimately
related to the ratio of the total number of ambiguous sequences to the
total number of possible sequences. Therefore when a constellation in-
creases in size, e.g., from 8-ary to 16-ary PAM, if the new constellation
points are prime numbers then Pr{ E'} will go down, whereas if the new
points are divisible by existing points then new ambiguous sequences
will be introduced, as well as new unambiguous sequences, and Pr{E}
will go up or down depending on the ratio.

It is worth noting that the each of the expressions in this section can
be numerically evaluated with a complexity which is independent of
the block length.

VI. SIMULATION RESULTS

In this section we show that the asymptotic expressions match the
Monte Carlo simulated performance of the exhaustive-search based
ML noncoherent receiver. To avoid phase ambiguities we use differen-
tial encoding [5] within each block. We do not assume any knowledge
of the fading distribution and therefore the SNR is taken as instanta-
neous, i.e., SNR = |h|*E[|z|?]/c>. Fig. 5 shows results for 64-ary
square DEQAM, and sequence lengths of n = 3 to n = 7. Observe
that for each value of n the analytic finite-size constellation values from
Section V match the simulated BLER curves at high SNR. Note that
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the asymptotic BLERSs decrease approximately exponentially for small
increases in block length n. Although not shown, similar plots have
confirmed the accuracy of the analysis for PAM and hexagonal QAM.

VII. CONCLUSION

This correspondence considered blind block detection for PAM and
QAM. Fundamentally the performance is limited by the inherent am-
biguities associated with jointly estimating the channel and the data,
even in high SNR. Analytic expressions were derived for the BLER as
the SNR tends to infinity, and were shown to be in terms of a Dedekind
zeta function. We also presented BLER expressions for finite constel-
lations which can be evaluated independent of the block length.

APPENDIX

A. Weierstrass M -Test for PAM Case

For PAM, we can calculate D for a given M using a simple counting
argument, which gives

Pr{D.} = {g?j [AI;?J|C|J)n5

where we have set @ = |c|. Observe that

ooz (5[5 < ()

Now, whenn > 1

f: <§)n =2" ia,_” =2"¢(n) < oc.

a=1 a=1
Therefore, the Weierstrass } -test is passed and thus limits and sum-
mation can be swapped.

if(2) ¢

otherwise

Blind detection performance for 64-ary square DEQAM. The “AM — oo curves are from Theorem 3, and the “Finite M curves are from Lemma 2.

B. Weierstrass M -Test for QAM Case

Givenasetld C C and x € C, the indicator function (U, x) of U
is defined so that

1, ifae el
O(U,x) = ’ .
o) {(L otherwise.
For QAM, we have that
cee 5 PAS, "
Pr{D.} = Loe Vi 2 ) o4
Yveztip iy S 7)

We seek simple expressions that bound the numerator of the fraction
from above and its denominator from below. Consider the denominator.
We have

>

w€Z[i]\(1+i)

B(\S, x)

> ¥ @({IECIIIIS%},JE)
SEZ[N(144)
> ¥ ><I>({;v:a+bi€€||a|+|b|§%},w)

= €Z[\(1+i
A 2
a1
=4 |=4+ | .
It can easily be shown that for v > 1
v 1 v
—4+ >
{2 + ZJ -3

Therefore, since for any nonempty constellation A > 1/+/2 is valid

> 2
DS, ) > 4 (7) )
2 EZ[IN(1+i) 3V2

(25)
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On the other hand, for the numerator, we have On the other hand, for the numerator, we have
Z B(AS, 2) Z B(A\S, x)
zEc\(1+3) rEc\(2)
= ) 20\ cfa) = > (S [clr)
x€Z[{\(1+i) rEZ[w]\(w)
A
< Z @({L€C||L|Sm},.[) < Z @({JEC||L|< } >
x€Z[\(1+1) reZ[w]\(2) | |
. 2\ A
< Z <I’({;c:a‘—l—bt||a|—|—|b| §\|/_T|},.1) = Z @({J::a—i—bwh/a?—ab—l—b? S*}‘L>
S €[N (1+4) €T (2) e
p) 2
_y %+l < Z <I>({J::a-l-bo.)||a|-I-|b| Sm}¢>
- 2 2 z€Z[w]\(2)
2X 1 2
5) —o |y L
§4<ﬁ\> _2{2+2J
Il _
22\?
where we used the fact that for v > 0 <2 | |
v 1
\‘5 + §J <v Hence, we have

to obtain the final inequality. Hence, we have

2n I
peipd < () = (25) . - . .
|c| N(c) Now, when n > 1, the limits and summation can be swapped, since

Now, when n > 1, the limits and summation can be swapped, since

’ n ’
36 —
E - = 36" N(c)™"
<MC)> =T

cCZ[4)

= 36",5{71)((71,) < 0.

C. Weierstrass M -Test for Hexagonal QAM
For hexagonal QAM, we have that

(1]

3 Zrec\ B(AS, x) 2]
5 erzw]\@) (A5, )

Pr{D.} = [

(3]

where the factor of % comes about because for any « € C, exactly two
of its six associates are in C. As in the previous section, we seek simple
expressions that bound the numerator of the fraction from above and its 4]
denominator from below. Consider the summation in the denominator.

We have

Z <I>(>\S ) Bl

zE€Z[w]\(2

: ({ cirl< Jz} ) )
2 T € T . T
zGZ[w \/j

\ [7]
a+bw € ClvVa2 — ab+ b2 <—}7x>
| V2 8]

{ v =a+bweC|la+ o] g%}l) gl

N l [10]
2

[11]
>2 )
- <3\/§

I
8
m
NM
l\,
/\
/—/H
||

I
~o
—_—

AV
> '\”H’ £M
/\

> (vg) = X ¥~

cC7Z[w] cCZ[w]
= T72"(z1(n) < 0
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Robust Minimax Detection of a Weak Signal in Noise
With a Bounded Variance and Density Value at
the Center of Symmetry

Georgy Shevlyakov, Member, IEEE, and
Kiseon Kim, Senior Member, IEEE

Abstract—In practical communication environments, it is frequently ob-
served that the underlying noise distribution is not Gaussian and may vary
in a wide range from short-tailed to heavy-tailed forms. To describe par-
tially known noise distribution densities, a distribution class characterized
by the upper-bounds upon a noise variance and a density dispersion in the
central part is used. The results on the minimax variance estimation in the
Huber sense are applied to the problem of asymptotically minimax detec-
tion of a weak signal. The least favorable density minimizing Fisher infor-
mation over this class is called the Weber—Hermite density and it has the
Gaussian and Laplace densities as limiting cases. The subsequent minimax
detector has the following form: i) with relatively small variances, it is the
minimum L ,-norm distance rule; ii) with relatively large variances, it is
the L -norm distance rule; iii) it is a compromise between these extremes
with relatively moderate variances. It is shown that the proposed minimax
detector is robust and close to Huber’s for heavy-tailed distributions and
more efficient than Huber’s for short-tailed ones both in asymptotics and
on finite samples.

Index Terms—Huber’s M -estimators, least favorable distributions, non-
Gaussian noise, robust minimum distance detection.

I. INTRODUCTION

Consider the problem of detection of a known signal # in the additive
independent and identically distributed (i.i.d.) noise {n;}3" with pdf f
from a certain class F. Given {z;}1’, it is necessary to decide whether
the signal ¢ is observed. This problem of binary detection is set up
as the problem of hypotheses testing: Hy : x; = n; versus H;
x; =0 +mn;, i =1,...,N.Given a pdf f, the classical theory of
hypotheses testing yields various optimal (in the Bayesian, minimax,
Neyman-Pearson senses) algorithms for the solution of this problem:
all the optimal algorithms are based on the value of the likelihood ratio
(LR) statistic T (x) = [[.¥ f(xi — 8)/f(x;) that must be compared
with a certain threshold. The differences between the aforementioned
approaches result only in the values of a threshold.
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In this correspondence, we consider the asymptotic weak signal
approach when the useful signal § decreases with sample size as
# = 6x = A/VN given some constant A > 0. For reasonable
decision rules, the error probability then converges as N — oo to a
nonzero limit [6]. Moreover, within this approach, the error probability
is closely related to the Pitman efficacy of the detector test statistic,
and therefore, Huber’s minimax theory can be used to analyze the
detector [10]-[12]. Finally, since weak signals are on the border of not
be distinguishable, and therefore, it is especially important to know
the error probabilities.

In what follows, we deal with the following minimum distance de-
tection rule [6]:

N

Zp(mi —8)

=1

N 28
> pwi) =z 1)
=1 Ho

where p(z) is a loss function characterizing the assumed form of a dis-
tance. This choice of a detection rule is mainly determined by the fact
that it allows for the direct and simple use of Huber’s minimax theory
on M -estimators of location [7], [8]. Further, it can be seen that the
choice p(z) = —log f(z) makes the optimal LR test statistic min-
imizing the Bayesian risk with equal costs and prior probabilities of
hypotheses. Note, that in this case, it is necessary to know exactly the
shape of pdf f to figure out the distance function, and the LR-statis-
tics usually behave poorly under the departures from the assumed pdf
model.

In many practical problems of radio-location, acoustics, and
communications, noise distributions are only partially known. For in-
stance, it may be known that either the underlying pdf is approximately
Gaussian, or there is some information on its behavior in the central
zone and on the tails, or an impulsive noise may distort the observed
signal, etc. For these detection problems, some robust alternatives
to the classical methods have been proposed in [8], [5], [10]-[12],
[6], [4]. Recently, some of these approaches have been extended to
more complicated static models of signals under the assumptions
of the approximately Gaussian character of noise distributions [3],
[18]. Heavy-tailed non-Gaussian noise models with finite and infinite
variances both for static and dynamic systems are considered in many
works, for example, in [2], [13], [16]. However, we are interested in a
static model containing short-tailed noise pdfs with small variances as
well as the heavy-tailed ones with large or even with infinite variances.

Within the minimax approach, the choice of a distribution class F
determines all the subsequent stages and the qualitative character of the
corresponding robust procedure. In its turn, the choice of a distribution
class depends either on the available prior information about data dis-
tributions, or on the possibilities of getting this information from the
data sample.

Being historically the first [7], various e-neighborhoods of the
Gaussian distribution are not the only models of interest. In practice
there often exists a prior information about the distribution dispersion
in its central part and/or its tails, about the moments and/or subranges
of a distribution. The empirical distribution function and relative
estimators of a distribution shape (quantile functions and their approx-
imations, histograms, kernel estimators) along with their confidence
boundaries give other examples. In order to enhance efficiency of
robust minimax procedures, it is reasonable to use such information
in minimax settings by introducing the corresponding distribution
classes. In Section II, we describe such a class.

We now dwell on the contributions of this paper. In [15], the distri-
bution class with a bounded variance and density value at the center
of symmetry, as well as some other classes with bounded distribution
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