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I. INTRODUCTION

Multiple-input multiple-output (MIMO) antenna technolptpas emerged as an effective tech-
nique for significantly improving the capacity of wirelessntmunication systems. A great deal
of work has been done on analyzing the MIMO capacity in varitbat-fading channel scenarios,
since the pioneering work of [1] and [2]. In particular, thean (ergodic) capacity has now been
comprehensively investigated (e.g. see [3—18] and refeetherein).

In addition, the outage capacity has also been investigateflat-fading channels. This is
an important capacity measure for systems with stringetatydeonstraints, and also provides
information about the system diversity [19]. With the exoep of the exact two/three antenna
results presented in [20, 21], outage capacity analysisypasally involved approximating the
distribution of the mutual information, since exact clogedn solutions are not forthcoming. It
has been shown that the Gaussian distribution provides d gpproximation in many cases [5,
8,13,22,23].

In this paper, we consider frequency-selective MIMO chénehich are applicable for many
current high data-rate wireless systems. We focus on MIM®ogonal frequency-division
multiplexing (OFDM) systems, since they form the underytechnology for a many emerging
MIMO standards, as summarized in Table and consider spatial multiplexing transmission.
Despite their key practical significance however, for thegstems (and indeed frequency-
selective MIMO channels in general) there are relatively nalytic MIMO capacity results.
The ergodic capacity (average mutual information) was icened in [19, 24—-26] and [27, 28],
assuming Rayleigh and Rician channels respectively, arglfaand to be easily obtained by
summing the equivalent flat-fading ergodic MIMO capacityeath individual OFDM subcarrier.
In contrast, the outage capacity does not decompose in #ys w

Calculating the outage capacity for frequency-selectivanoels is difficult due to the non-

negligible correlations between subcarrier channel edriAs such, the investigation of outage
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capacity has usually been performed using simulation esufli9, 29, 30]. It appears that the
only current analytical outage capacity results for fregpyeselective channels are presented in
[31], [32] and [33], all of which derive a Gaussian approxiioa for the mutual information
distribution. The results in [31] however, are based onuilggiexact expressions for the mutual
information variance of single-input single-output (S)Séhannels only; whereas the results in
[32] and [33] are based on approximating the mutual inforomavariance using asymptotic
methods. Specifically, [32] considers multiple-input $gagutput (MISO) channels with asymp-
totically large channel lengths, whereas [33] considerMMIchannels with infinite numbers of
transmit and receive antennas. We note also that for theragtfrequency-selective fading case,
ie. where the MIMO subcarrier matrices are independentsaciieequency, the variance of the
mutual information could be easily calculated by adaptimgwn MIMO flat-fading variance
results given, for example, in [8] and [15]. For many praatisystems however, the subcarrier
channels are typically highly correlated across frequeany this approach cannot be applied.

In this paper, we consider MIMO OFDM-based spatial multiplg systems with finite num-
bers of antennas, and operating over spatially-uncoeglBayleigh fading channels with finite
delay spreads. We first derive new exact closed-form exjpresgor the mutual information
variance. We also give explicit reduced formulas for thec#mecases of multiple-input single-
output (MISO), single-input multiple-output (SIMO), anthgle-input single-output (SISO) sys-
tems. Moreover, simplified closed-form expressions arevéerfor the variance in the high and
low signal-to-noise ratio (SNR) regimes.

Based on the new analytic variance results (along with knewalytic mean results), we
then present new approximations to the mutual informatistridution of OFDM-based spatial
multiplexing systems. In particular, we present a new de®em Gaussian approximation, which
is shown to be extremely accurate for many different systechchannel scenarios. In the low
SNR regime, we also present a new analytic Gamma approximatihich we show to be more

accurate than the Gaussian approximation in this case.
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Finally, we use the analytic Gaussian approximation tarest# the outage capacity. We find
that the approximation is very accurate, and show that feagmilevels of practical interest, the
outage capacity depends heavily on the delay spread of @ueneh

The paper is organized as follows. In Section Il we descritgeftequency-selective MIMO
channel model, the OFDM-based spatial multiplexing signatlel, and the associated mutual
information. In Section Ill, we present the main analyticahtributions of the paper, namely,
analytical expressions for the variance of the mutual mfmron. The proofs are relegated to
the appendices. In Section IV, we approximate the distobubf the mutual information, and
investigate the outage capacity.

The following notation is used throughout this paper. Masi are represented with uppercase
boldface, and vectors with lowercase boldface. The suppts¢)?, (-)*, and(-)' indicate matrix
transpose, complex conjugate, and complex conjugate pibaesrespectively. The matrik,
denotes @ x p identity matrix. We uselet () and tr(-) to represent the matrix determinant
and trace operations respectively. The operdidr] denotes expectation, aridar(-) denotes
variance. The real Gaussian distribution with zero-meath wmt-variance is denoted/(0, 1),
the corresponding complex circularly symmetric Gaussiatridution is denoted (0, 1), and

the chi-square distribution with degrees of freedom is denoted.

[I. OFDM-BASED SPATIAL MULTIPLEXING SYSTEMS
A. Channel and Sgnal Model

We consider a single-user OFDM-based spatial multiplexaypstem employingV, transmit
antennas,N, receive antennas, an subcarriers. The channel is assumed to be frequency-
selective and is modeled as a lendtHinite impulse-response (FIR) filter (as in [19, 25]), for

which the discrete-time input-output relation is given &p]

yld = 3" o,Hlplxlg — p] + nlg 1)
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where x[q] € CN*! is the signal vector transmitted at sample indexy[q] € CN*! is the
corresponding received signal vector, arid) € C~*! is the noise vector containing independent
elements~ CN(0,1). Also, 0, forp =0, ..., L—1, represents the channel power delay profile,

and is normalized according to

™~

-1

0;21. (2)

=3
I
o

The N, x N, random matriceH|p|, for p = 0,...,L — 1, represent the MIMO channel
impulse response. These matrices are assumed to be muinatiyrelated, and are assumed to
be known perfectly at the receiver but are unknown at thestratter.. The channel is assumed to
be quasi-static, remaining constant for the duration of deemrd, but changing independently
from codeword to codeword. Throughout the paper, we asshatdthie channel elements exhibit
spatially-uncorrelated Rayleigh fadidgin which case eacHl[p] contains independent elements
~ CN(0,1).

At the transmitter, the time-domain input sequergg is generated ad’; parallel OFDM sym-
bols. The symbols for each antenna are OFDM modulated using-point inverse fast-Fourier
transform (IFFT) prior to transmission. At the receiver, N demodulation is performed at each
receive antenna using ak-point FFT. A key advantage of OFDM-based spatial multipigx
is that equalization is simple, since the frequency-selediIMO channel is transformed into
N orthogonal flat-fading MIMO subchannels via the IFFT/FFDg@ssing.

To maintain orthogonality in the presence of intersymbaéiference caused by multipath,
OFDM systems typically employ a cyclic prefix extension. éssng that the cyclic prefix is

longer than the delay spread of the channel, we can write gjoévaent frequency domain

INote that a number of recent investigations have studiedntpact of spatial correlation on MIMO capacity (see, eg9]8,
12, 13]). We do not follow this line of work here however, stnour primary focus is to study the impact of frequency-dalec

fading on capacity, in which case the effect of correlatisrbserved across frequency.
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input-output model for OFDM-based spatial multiplexingfablows
rk:Hkak—l—nk, k’IO,,N—l (3)

where a; is the transmitted vector for theth subcarrier, assumed to be i.i.d. Gaussian with
covariance matriﬂ[aka,i] = %Ly, 11 is the received vector for theth subcarrier, andh,, is

the corresponding complex AWGN vector satisfyifign,n}| = Iy, J[k — /], whered[-] is the
Kronecker-delta function. Alsdl is the kth subcarrier channel matrix given by

H;, = 2 op Hip] exp (—j%%p) (4)

p=0
containing independent entri¢$l; ), ; ~ CN(0,1). Note that due to the finite-length impulse

response, correlation exists between different subecacthannel matrices. Using (4), the corre-
lation coefficients between the channel elements on twdrarpisubcarriers: and/ is easily

derived as follows (see also [34])
L—-1

pr_e=FE [(Hk%,j’(Hf);,j/} = Zo-; e*j27r(k75)p/N6[Z- N 2/]5[j B ]/] (5)

p=0
for all 4, 7,7, j'. As expected, these frequency correlation coefficientgémnly on the differ-

ence between subcarriers (ife— /), and not on the subcarriers themselves.
Note that with the above model, the SNR per receive antennsubearrier (henceforth referred

to as ‘the SNR’) is given byy.

B. Mutual Information

The focus of this paper is on the statistics of the mutualrmftion of OFDM-based spatial
multiplexing systems. It is now well-known that the ins&mtous mutual information in b/s/Hz

for a given channel realization is given by [19]

| N
Lotdm = N kZ_O 1Ly (6)
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whereZ, is the instantaneous mutual information for thita OFDM subcarrier, given by

T = log, det <INT + %Hkﬂg) . (7)
t

Note that the loss in mutual information due to the cyclicfipreas been neglected in (7). The

mean (ergodic) mutual information is given by
1 N—-1
E [Lotam] = ;; BT . (8)

It is obvious that (8) is equivalent to the ergodic mutuabmfation of a flat-faded channel, for

which case closed-form expressions are now available [6, 15

[1l. VARIANCE OF THE MUTUAL INFORMATION

In this section we derive new closed-form expressions fensiriance of the mutual informa-
tion of OFDM-based spatial multiplexing. Our results ar@aetx and apply for arbitrary finite
system and channel parameters. We also present simplifgésstons for the variance in the
high and low SNR regimes, and give explicit reduced variaxgessions for the cases of MISO,
SIMO, and SISO systems. These results will be subsequesdgt in Section IV for providing

accurate approximations to the mutual information distitn, and to the outage capacity.

A. Exact Analysis at All SNRs

The following theorem presents an exact expression for dnnce of the mutual information
of MIMO-OFDM systems.

Theorem 1. The variance of the mutual information of MIMO-OFDM systemgyiven by

(logo(€))> [ 2 = "I det (B,) (X0 det (A,))”
() () (_Z(N‘d*"(’)d”zz N Tn(mTn(m) )

d=1 r=1 s=1

Var (Iofdm ) =

(9)

wherem = min(N,, N;),n = max(N,, N;), I',,(+) is the complex multivariate gamma function
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defined as
Lo (n) =T (n—i+1) (10)
i=1
and
[ (zm, detan)’
m det(Ar
—Fm(i’b)rm(m) fOI’ ‘pd‘ = O
plpa) = 4 S ST 2N/ det (Cya(pg))  for 0< |pg <1 (11)
\ Doy D ey det (B ) for |ps =1

The matricesA,, B, ; andC, ,(-) arem x m, with (i, j)™ elements

b! for j #£r
(Ar)m‘ = , 12)
bleNt/ g (b+1) for j=r
b! for j#randj#s
B, bleNe/ gy (b + 1) for j=rorj=s, andr #s
relig T b+1 b
2(Ny/7)" NS () (1)
t—b,t—b,t—b ,
\ XGgﬁ (Nt/’y’O,tfbfl,tfbfl,t7b71> for j=r=s
(13)
and
(
1i,i (1, pa) for i£r, j+#s
1:,j(91(2), pa) for i=r, j#s
(Cr,s(pd))iJ‘ = o ' ‘ (14)
0l 14(91(2), pa) for i#£r, j=s
t\pd\ -
| e e 3, TR (IR0 for i =7, j =

respectively. Alsop =n+m—i—j,7r=n—-m,z=7+i+j—lL,u=7+i+t, v =7+j+1,

and Géﬁ(-) is the Meijer-G function (see [35, eq. (9.301)] for definit)p

z

= ZEh (%) (15)
-3 () 19

whereE,(+) is the Exponential Integral (see [36, eq. (5.1.12)] for dadin). The functiony, ;(-, -)
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is defined as
—1 t
-1 1-— 2 _
Mig(f (), pa) = T(r + j) (’ ) (ﬂ) (r+j—Diaflz=1)  @7)
—0 |pdl
for an arbitrary input functiory, and(-), is the Pochammer symbol
B _Tla+r) B

(a)r—a-(a+1)'... (a+r—1)—w, (Cl)o—l. (18)
Proof: See Appendix I. O

Note that the exact variance expression in Theorem 1 candig esaluated since it primarily
involves simple polynomial and exponential terms, as wels&@andard functions such as expo-
nential integrals and Meijetr functions, both of which are implemented as built-in praged
in various mathematical software packages such as Mapléviatldematica. We also note that
although Theorem 1 involves infinite series of exponentitdgrals, its numerical evaluation can
be made more efficient by exploiting the following recurrerrelations [36, eqgs. (5.1.7) and
(5.1.14)]

Ei(z) = —Ei(—2)

Bun(z) = (7 = 2B,(2)) (19)

for z > 0. As such, only a single exponential integral must be expfievaluated when summing
these series. Moreover, it turns out that this infinite Ssedenverges quickly, and can generally
be evaluated with less tha&0 terms. Therefore the computational challenge associatitcthvs
series is very low.

The following corollary presents an exact variance expoestr the mutual information of
SIMO and MISO OFDM systems (i.e. cases with= 1,n > 1). To the best of our knowledge,
this result is also new.

Corollary 1: The variance of the mutual information of SIMO/MISO-OFDMssgms is given

by

2Nl

N2
d=1

Var(Iofdm) = (logzn ( — F(n)€2Nt/7(gl (n))2
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26 Ni/v n n—1 n—1 n y e
i ( ) ( ) - tG (Nt/ ’0 —t—1,—t— 1,t1>) (20)
t=0

where
L (n)e*N/7 (gi(n))? for |pal =0
@(pa) =1 (1 — |pa®)" " AT loa® Y, Lo nt (g (1)) for 0 < |p4| <1
2600 (80) S () (G (Nl ) for fed =1
(21)
O

The following corollary presents an exact variance expoestr the mutual information of
SISO OFDM systems (i.en = 1,n = 1).

Corollary 2: The variance of the mutual information of SISO-OFDM systemgiven by
N-1

Var(Taan) = 86 73 (¥ = dgto) + LG (1150 ) - )
@2)
where
(1) for Ips| =0
2(pa) = (1= [pal?) €0 S [pal*(ga(1+ 1) for 0< [pg| < 1 (23)
2 G <1/ o 01’7‘117_1) for |pa| =1
[

Very recently, an equivalent expression for the SISO-OFDafiance given in (22) was
presented in [3%] In contrast to (22) however, the equivalent result from] [[81Inot expressed
in closed-form, and it requires the evaluation of infiniteie® of incomplete gamma functions.

In Fig. 1 we compare the analytical variance expression () the variance obtained via
Monte-Carlo simulation. Results are presented for twcedgit V; x N, antenna configurations
as a function of the channel length A uniform power delay profile is assumed (ic%. =1/L,

2Note that this expression was not explicitly stated in [3ikan however be trivially obtained by following the deriizan

of (47) and using [31, Egs. (12), (41), and (48)].
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for p = 0,...L — 1), 8 subcarriers are used (simply by way of example; similar Itesare
obtained for higher numbers of subcarriers), and the SNRtisosl0dB. In all cases we see a
precise agreement between the simulated and analyticcuareover, the variance is seen to be
largest for the system with the least antennas, regardfgbe @hannel length. For both antenna
configurations, we see that the variance reduces with isitcrg, and that this reduction is most
significant for smallL. For example, by increasing the channel length frbrs 1 (flat-fading)
to L = 2, the variance for both antenna configurations is more tharetda

In Fig. 2 we plot the analytical variance expression (9) anont-Carlo simulation results
for different SNRs, as a function df. Again we see a precise agreement between the analytical
and simulated results. From this figure we see that for a gofemnel length the variance of
the mutual information varies monotonically with the SNRugincrease is most significant for

small values ofL.

B. Analysis at High SNR

The following theorem presents a closed-form expressiontte variance of the mutual
information of MIMO-OFDM in the high SNR regime. This resu#t simpler than the exact
general variance result given in Theorem 1, as it does naivavany infinite series.

Theorem 2: In the high SNR regime, the variance of the mutual inforrrabé MIMO-OFDM

systems is given by

Var(Zgam) = (loga(c))? <Ni SOV = gt + 5 3 w0 = T (w0 )

d=1 =0 =0
(24)
where
(S vn—1)° for |pa =0
Bloa) = { TEaZiide(Cn o) for 0 < |pa < 1 (25)

L (n)Tm (m)

S v n— ) + (S win— )" for |pa| =1
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whereC, ,(pq) is anm x m matrix with (i, 7)™ element for the cases# r or j # s given by

1,5 (1, pa) for i£r, j#s
(érvs(pd»i,j =\ s (W(2),pa) for i=r j#s (26)

1pal* D ;s (W(2),pa) fOr itr j=s

and for the cas¢i =r, j = s) by

(érvs(l)d)) = 02(pa) | pal™ ™ 14(1, pa) + |pal i (Eputz (2 = 1), pa) + h(pa) (i (H (2 — 1), pa)

Z?J
= (L~ |pal*)mi (L, pa) + lpal** P (nyi(H (2 = 1), pa) — In(1 — |pal*)nja(L, pa))) ~ (27)
wherei = max(Z, j) andj’ = min(s, j). Also, n; ;(-) is defined in (17) in Theorem %,(-) is

defined in (126)A(-) is given by
h(pa) = (1 = [pal*) = K, (28)

and L = 0.5772. .. is the Euler-Mascheroni constant. The functiii-) denotes the harmonic
number

1 for 2>0
(=] 2 (29)
0 for z=0

and(-) is the digamma function defined as [36, eq. (6.3.2)]
Y(n—t)=Hn—-t—1)—-K (30)

with first derivativey’(-) corresponding to the polygamma function [36, eq. (6.4.1)].
Proof: See Appendix Il O
The following two corollaries present very simple high SNRrignce expressions for the
special case of SIMO/MISO and SISO systems respectively.
Corollary 3: The variance of the mutual information of SIMO/MISO-OFDMssgms at high

SNR is given by
N-1

Var™ (Zyan) = (log5(¢))? (Ni S (N - ) pon) + L ) (31)

d=1
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where
4

0 for |pa| =0

Liy(1 — |pal?) — H2(n — 1) + 25—} 20=1)

(’p(pd) = , 5 <‘p‘d‘2‘g1)t+l
n—1 —1 b—2
+ Y %((%2 ) (1= |pal?) = S0 A — ) for 0 < [pa] < 1

¥'(n) for |pa| =1

(32)
whereL;,(+) is the dilogarithm function [36, eq. (27.7.1)] . O
Corollary 4: The variance of the mutual information of SISO-OFDM systankigh SNR is
given by
2

Var® (Zoan) = (logs(€))? <F SN = d)Liy (1= lpal?) + g—N) (33)
d=1

0
It is important to note that the results in Theorem 2 and Carels 3 and 4 do not depend
on the SNR. Therefore, a main insight which we can draw froes¢hexpressions is that the
variance of the MIMO-OFDM mutual information converges tdeterministic limit as the SNR
increases, which we have now quantified precisely. This @memon is illustrated in Fig. 3,
where we plot the variance of the MIMO-OFDM mutual inforneattifor different N; x N,
antenna configurations, and for different SNRs. The “Analyariance (High SNR)” dashed
lines are based on (24) for tlex 3 case, (31) for thad x 2 case, and (33) for thé x 1 case.
The “Analytic Variance (Exact)” curves are based on (9) fee 2 x 3 case, (20) for thd x 2
case, and (22) for thé x 1 case. Monte-Carlo simulated variance curves are also itezséor

further verification. We see that the results converge dyickall cases.

C. Analysis at Low NR

The following theorem presents a very simple closed-forpression for the variance of the

mutual information of MIMO-OFDM in the low SNR regime.
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Theorem 3: In the low SNR regime, the variance of the mutual informatwéMmMIMO-OFDM

systems is given by

Var()(Iofdm) = (10g2<€)) NNt ( +2 Z 7‘pd‘2> (34)
Proof: See Appendix IV. O

The following corollary gives upper and lower bounds (as r&cfion of the frequency corre-
lation coefficients) for the variance of the MIMO-OFDM mutuaformation in the low SNR
regime.

Corollary 5: In the low SNR regime, the variance of the mutual informatdMIMO-OFDM

systems satisfies

1 Varo (Iofdm) 2
- < @ — 142 E — < 1 35

where Var’(Zgy,;) denotes the mutual mformanon variance for an i.i.d. featihg Rayleigh
MIMO channel. The left-hand side is an equality fay| = 0 (independent fading across all
frequency subcarriers), and the right-hand side is an gygdat |p;| = 1 (identical fading across
all subcarriers, i.e. flat-fading).

Proof: The proof follows by using

0 < |pa| <1 (36)
in (34), and noting that
2
Var! () = (logy () @37)
Ny
which is found by directly settingv = 1 in (34). O

It is interesting to note from (35) that in the low SNR regirttes scaling of the MIMO-OFDM
variance with respect to the flat-fading variance dependis @m the channel delay profile, and
is independent of the number of transmit and receive angenna

For the particular case of a uniform power delay profile (wéth o> = 1/L for all p =

0,...,L — 1), we can obtain a simple insightful expression for the varearatio in (35), as
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given below.

Corollary 6: For a uniform power delay profile, (35) becomes

2
1 Var’(Zoam) 1 AN —d [ sin (ZdL)

— < @ ———t=—|1+2 < 1 38
N Var® (Zg.. ) N ; N Lsin (’;\?) - (38)

where the left-hand side is an equality fbor= N, and the right-hand side is an equality for the
caselL = 1.

Proof: The proof follows trivially from (35) after noting that thesfquency correlation-coefficients
(5) in this case can be expressed as [37]

SlIl zdl .
Pd = 1(1 ~ ) . (39)

Lsi (%)
0

The summation in (38) is of a similar type to that in [33, ed){fwhich gave an asymptotic
expression for the variance for large antenna numbers,raoti/ed the same squared-ratio terms.
As mentioned in [33], ad. increases, the ratio becomes more peaked as a functigrttoéreby
decreasing the overall sum. Thus, from (38) we see that thanee of the mutual information
varies inversely with the channel delay spread in the low $&me. This agrees with previous
observations seen via simulation studies in [19], and ferridgime of large antenna numbers
in [33]. These results are further corroborated in Fig. 4ereh(38) is plotted as a function of

the channel lengti.

IV. OUTAGE APPROXIMATION OFMIMO-OFDM BASED SPATIAL-MULTIPLEXING

We now use the analytic expressions from the previous sedtiopresent and investigate
approximations for the distribution of mutual informatidiwe then use the approximations to
estimate outage capacity.

Unless otherwise stated, for all results in this section vegleh the channel according to the
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exponential power delay profile [38]

- KGX)
i_*:#e—p/f(ew for 0<p< L

—L/Kexp

o2 = (40)
0 otherwise

where K., is a parameter which characterizes the rate of decay of thermpdelay profile as

a function ofp, and is loosely related to the rms delay spread [38].

A. Gaussian and Gamma Approximations

We first investigate the accuracy of a Gaussian approximébiovarious system configurations
and channel scenarios.

Fig. 5 presents the analytical Gaussian approximationfferMIMO-OFDM mutual informa-
tion p.d.f. based on the exact mean and variance expressi¢s8) and (1) respectively, as well
as empirically generated p.d.f.s (Monte-Carlo histograimr) different antenna configurations.
A 64-subcarrier system is considered with SNR20fdB. We see that the analytic curves match
the true distribution almost perfectly for both antennafumations. We also present curves for
a simulation based Gaussian approximation (based on the amehavariance of the Monte-Carlo
generated histograms) for further verification. Note tiha&se curves are indistinguishable from
our new analytical Gaussian approximation curves.

Fig. 6 compares the analytical Gaussian approximationevipirically-generated p.d.f. curves,
for different channel rms delay spreads. Again we see tleattalytic Gaussian approximation
is accurate in all cases. Moreover, we see a significant tedum the variance of the mutual
information as the rms delay spread increases (i.eKag increases). Again note that the
Monte-Carlo Gaussian approximation is indistinguishaioten our new analytical Gaussian
approximation curves.

Fig. 7 compares our new analytic Gaussian approximatioh thieé asymptotic Gaussian ap-
proximation previously derived in [33]; formally derivedider the assumption of asymptotically

large antenna numbers. To our knowledge, this is the onlgrotbmparable analytical result



Submitted to IEEE Transactions on Information Theory (Revised July 2007) 17

in the literature which applies for arbitrary-length fremey-selective MIMO channels. In the
figure, we consider & x 2 system at20 dB SNR. The channel has a uniform power-delay
profile; for which simple approximations to the mean and arace of the mutual information
were explicitly presented in [33, eqgs. (59) and (60)]. Qigaalthough the approximation in
[33] was shown to be quite accurate for some practical saendfig. 7 shows that our analytic
Gaussian approximation is more accurate (although it ig sinbwn for32 subcarriers, the same
observation has been made for all systems investigated).

Fig. 8 presents the distribution of the mutual informatiarhegh SNRs, comparing MIMO,
SIMO, and SISO systems. The analytic Gaussian approximatioses are based on a high SNR
mean formula from [3, Theorem 2], and the high SNR variancentda (24) for the MIMO
case, (31) for the SIMO case, and (33) for the SISO case. Wehs¢dhe analytic Gaussian
approximation is accurate in all cases. Again note that tbatetCarlo Gaussian approximation
is indistinguishable from our new analytical Gaussian agnation curves.

Fig. 9 presents the distribution of the mutual informatiomosv SNRs. The analytic Gaussian
approximation curve is generated based on the low SNR meamufa obtained by combining
(131) and (133), and the low SNR variance formula (34). Iis tase we see that a Gaussian
distribution no longer accurately predicts the mutual infation p.d.f. This can be explained
by examining (131), where we see that at low SNRs the mutdatriration for each subcarrier
is a function oftr (HkH;) which for i.i.d. Rayleigh fading isv y2, .. Hence, the overall
mutual information (8) is distributed as the sum/éfcorrelatedy3, ,, random variables which
(for small N), is clearly quite different to Gaussian.

Motivated by this observation, we propose to approximagentiutual information p.d.f. at low
SNR with a Gamma distribution. Note that a Gamma approxwnatvas previously considered

in the context of flat-fading channels in [39]. The Gammafpid.given by

r..r—1_—0x
grar—le?

f@) =—Fm— =20 (41)
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wherer is the shape parameters ahis the scale parameter. By matching the first two moments,

a Gamma approximation for the mutual information p.d.f. ofMMD-OFDM is obtained by

evaluating
E [Iofdm]
= ol 42
"7 Var (Zomam) (42)
and
E2 [Iofdm]
=__ -~ 43
Var (Iofdm) ( )

This analytic Gamma approximation is plotted in Fig. 9, lobkea the same low SNR analytic
mean and variance formulas as used for the low SNR Gaussmoxamation above. We clearly
see that the Gamma approximation is much more accurate tieaGdussian approximation in

this low SNR regime, and follows the simulated p.d.f. vergselly.

B. Outage Capacity

The outage capacity,,., is defined as the maximum information rate guaranteed to be

supported forl00(1 — ¢)% of the channel realizatiofsie.
P<Iofdm < Iout,q) =q (44)

where ¢ denotes the outage probability, and is thus directly obthiby inverting the c.d.f. of
ZTotam- If the distribution of the mutual information is Gaussiéimen the outage capacity can be

computed from the derived mean and variance as [32, eq. (26)]

Z-out,q =F [Iofdm] -V Var<Iofdm)Qil(Q> (45)

whereQ(-) is the Gaussiad)-function.
Fig. 10 plots the outage probability for channels with d#igt rms delay spreads. The “Analytic

Gaus Approx” curves are generated by approximating thé ed44) as a Gaussian distribution,

3Strictly speaking, computing the outage capacity wouldiiegperforming a numerical optimization over all possitiput
distributions, as discussed in [1]. Here however, we adopbramon slight abuse of terminology, and use the term outage

capacity to denote the outage rate for the case of OFDM-bsaiibl multiplexing systems with equal power Gaussianitisp
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and using the exact mean and variance formulas in (48) aneégpgctively. Clearly this analytic
Gaussian approximation matches closely with the empiyiogénerated c.d.f. (Monte-Carlo
histogram) in all cases. Moreover, we see that for outagbafitities of practical interest (e.g.

q = 1%), increasing the rms delay spread can yield a significantorgment in outage capacity.

V. CONCLUSIONS

This paper has considered the mutual information distiobubf frequency-selective MIMO
channels, in the context of OFDM-based spatial multiplgxapstems. Exact closed-form expres-
sions were presented for the mutual information varianpplying for arbitrary finite system
and channel parameters. These results were used to pragdeate analytical approximations
for the distribution of mutual information, and the outageacity. We observed that for most
scenarios a Gaussian approximation is accurate, whileradng that for low SNR a Gamma

approximation yielded even higher accuracy.

APPENDIX |

PROOF OFTHEOREM 1

Proof: By definition, the variance of the mutual information is giviey
Var(Zotam) = E [Iozfdm} — E? [Zotam) - (46)

Noting thatE [Zoam| = F [Zaas), and using (6), we have

1 N—-1N-1
Var(Logaw) = B |55 > > Tile| — B [Tnw]
k=0 ¢=0
1 N—-1 N-1 N-1
= < Z ELI)+ )Y E [I,ﬂ) — E? [Tgat)
k=0 £=0,¢#k k=0
1 N—-1 N-1 1
= < E [I,JA) + NE 23] — E? [Zhat) (47)
k=0 ¢=0,0+£k
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where Zy,; denotes the mutual information of a flat-fading channel. eNthtat the last line
followed by noting that, under the assumptions in SectieA,Ithe channel statistics for each
subcarrier (and therefore, the mutual information siag¥tare identical [19], and moreover,
these statistics are equal to that of a flat-fading i.i.d. |&gi channel. The first and second
moments of the mutual information for flat-fading channeds been previously derived in terms
of incomplete gamma functions in [15, eqgs. (29) and (31)jny$36, eq. (6.5.9)], we perform

some basic manipulations to express these results in afiezrsimplified forms as follows

1 m
E [Tga] = °g2 Z det (A (48)

r=1
m

E[12,] = 10g2 zm: Y det (B (49)

r=1 s=1

where A, andB,.; are defined in (12) and (13) respectively.
The challenge is to evaluate the cross-correlation of thauatunformation across frequency

subcarriersF [Z,Z,] which, using (7), is given by

E[T.Z] =E [logz det (INT + %HkH;) log, det (INT 7 HgHT)}

Zlog2 (1 + ) Zlog2 <1 + )

where A = {\}7, andw = {w;}/", are the non-zero eigenvalues Bf,H| and H/H]

(50)

respectively. Defining
a(z) =log, | 1+ My (51)
2 N,
we have

E T, T/ =

ZZ >] = ZZE[a(Am(wn]. (52)

=1 j=1 =1 j=1

Now, to evaluate the expectations in (52), we first simplife tproblem by exploiting the

symmetry with respect to thg;s andw;s. To this end, let\ andw be randomly (uniformly)
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chosen eigenvalues frothandw respectively. Then clearly

Prd=\,w=w;) = %, (53)
m
for any giveni € {1,...,m},j € {1,...,m}. Hence, we can also write
Ela(Na(w)] = Zm: iPr()\ =\, w =w;)EjaN)a(w)|A =\, w = wj]
= 3> Blatvate)] (54

i=1 j=1

where the second line follows from (53). Therefore by disectomparing (54) with (52) it

follows that
E[T,T)) = m*E [a(N)a(w)] . (55)

We point out that the simplification from (52) to (55) is padiarly important, since in order to
evaluate the expectation in (55), clearly we only require distribution of a pair of arbitrarily-
selected eigenvalued,andw. This turns out to be much more convenient than dealing viagh t
distributions of the individual pairs of ordered eigeneduie.\; and w;, required to directly
evaluate (52).

The joint p.d.f. of A andw is presented in Lemma 1 in Appendix Il. From this lemma we
see thatf(\, w), and correspondingly [Z,Z,] in (55), only depends ok and ¢ through their

absolute difference, i.e. singg\, w) only depends o and/? via |px_¢|, and from (5)

lok—el = [p7_i| = |pes] - (56)

Therefore the left-hand summation in (47) can be written as

> Y ELI]=2) (N-d)E[LZ] . (57)
k=0 ¢=0,¢+£k d=1

Note that for subcarrier spacinggor which the frequency matrices are independent f;e= 0)

or completely correlated (i.e; = 1), the expectations in (57) are evaluated trivially as

E L)1y = E* [Taa) pa=10
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ELZL) = B [T, pa=1. (58)

For the casé < |p4| < 1 such a direct evaluation is not possible, and we use (55) mne 1

and (67) to evaluate the expectations in (57) as follows

0 [e’¢) m(n—1) m m
E[zozd]:mzfo / a(Na(w)s (n>rnj(f’§l>m2 TPyD Z::Z:: D,.(\w))d\dw

|Pd‘ —m(n—1)
= B det (D,.,) , 0<|pal <1 (59)
T T 2 e

whereD, , is anm x m matrix with (i, j)"" element

;

a(i,j) 2 I s )xgﬂ;lw%“’lefﬁef#
xI, <1E“’;‘Z“2 m> a(N)a(w)dAdw fori=r, j=s
(D), = bli,g) 2 f;° Dbl oyt St ) () 000y for i =7, j # 5
ci.j) = [y W e W () (ﬂfﬁiﬁ) iFT, =5
| S T () () for i1, 75
(60)

Using the identity [11]

/ In (14 aX) A le™d)\ =T'(q b/%QZEh() (61)
0

we can evaluaté(i, j) andc(i, j) in closed-form as

b(m:1og2<e>eNt/vr<T+j>|pdr§(j—l)( lpal’ )t(w nw)  (62)

(1= |pal*)~ —\ L—|paf?) (T +1)!

and

CW:%(>Nf/vr<7+z>|pdwz<¢_1)( paf? )t(w a)  (63)

(1= [pal?) S\t L=lpal*/) (7 +1)!

respectively. We evaluate the remaining integedl, j), by using the power series expansion

r0=>G)" o (64)
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and integrating term by term using (61), to obtain

ali, ) = (1ogy(e) e 70w |yl (1= |paf?) Z o nwn) . (69

Substituting (62), (63), and (65) into (60), we perform sobassic algebraic manipulations to

write (59) as follows

)2e2Ne /v

lo
E LI, - (g ZZdet Coups)) . O<lp<1l  (66)

r=1 s=1

The proof is completed by substitutlng (66) and (58) into)(&nd then substituting (57), (49)

and (48) into (47) and simplifying.

APPENDIX Il

JOINT PD.F. OF ARBITRARILY SELECTED EIGENVALUES OF SUBCARRIER MATRICES

Lemma 1. Let A andw be arbitrarily selected non-zero eigenvalues of the suiecarhannel

matricesH, H| and H,H/ respectively. Then the joint p.d.f. of andw is given by

_ |pal Y N o "
FO) = T (L= ™ 2 2 4 (Prs (49 7

r=1 s=1

whered =k — ¢, 7 =n —m, andD,., (\,w) is anm x m matrix with (i, j)*" element

( o w
NEHi1 51T T loal% o 1-lpal? | ( 2pal /X > for i=r, j=s

1-|pal?
L(r45) lpal” —Ay74i—1 x\~d—1 (-1 lpal?X 1 - .
a7 € AT s () <1—\de> Ty fori=r g7
F(T+Z)|Pd\7 e~ 7'+ 1 lpal?w t 1 . .
(1=lpal?) e () (1—\pd\2> G fOr iF T j=s
T(r+4) lpal” \pd\T j—1 lpal? (T4itt—1)! ) .
\ (1=]pal?) Z ( ¢ ) (1*\Pd\2> (T+1)! for i#r, j#s

where.(-) is the modified Bessel function of the first kind [36, eq. (23]

(Dys (\w)), ., = (68)

Proof: From (5), we see thal,H] and H,/H| are (frequency}orrelated Wshart matrices.
In [40], the joint ordered eigenvalue density for matricésttos general form was evaluated

for cases where the correlation coefficient was real. Extenthis result to complex correlation



Submitted to IEEE Transactions on Information Theory (Revised July 2007) 24

coefficients, and to unordered eigenvalues, we obtain tiné gggenvalue density

L ey S et
R0 = o (SR ) A @A
x det ((AM)EIT (1 i‘ll);LP \/Aiwj)) (69)

whereA,,(-) is a Vandermonde determinant, defined as

m

A (A) =[]y = X)) =det (X)) . (70)
1<j
Note that the extension from ordered to unordered eigeasatimply involved the addition

of the leadingl/m!? factor in (69), whereas the extension from real to complestetation
coefficients is trivial, and the proof is omitted.

To evaluate (67) we marginalize (69) as follows

/ / / / Fuvw) dAa - dAdws - - - dwn (71)
A2 Am J w2

where we have letf\; = A andw; = w. We evaluate these integrals by first expanding the

Vandermonde determinants in (69) according to

A (A) A (@) = (=1 AR Y (1@ [ (72)
[ i=1 B j=1
where the sums are over all permutations: {1, ..., a,,} andg = {31, ..., G} of {1,...,m},

and (—1)P(® and (—1)P"®) denote the signs of the permutations. Substituting (72) (88

into (71) yields

m(n—1) moy
/ / ‘pd‘ 5 exp (_Ztl ( t +2wt)) Z(_l)per(a)
Ao m)(m!)? (1 = [pal?) 1 —|pdl "
— T 2
X H)‘?i_l Z(_l)per(ﬁ) ij@] " det <()‘iwj)2[r (1_|7T;L|2\/ Az’%’)) dAg -+ -dwp,
i=1 B J=1

o ‘Pd|_m 1) per a)+per(6)
Lo (n)L i (m) (m)? (1 — | pal*)™ ZZ

X/ / det (a( M w;, i, B;)) g - - dw, (73)
A2 Wm,
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where

@ Tig.1 —— M %5 2
()\“wﬁ&“ﬁ]) — )\2+ i ]2+ﬂ] 16 1-lpgl? ¢ 1—\pjd\2 1. <1 _|T;L|2\/)\iwj) . (74)

Expanding the determinants, integrating term by term, afbming determinants, we obtain

|pa) 7Y
f\w) = B pyper@+rer®) det (Dy 5 (A, w 75
o) = B ) o 1= Ty 2 21 (Pes0e))  (9)
whereD,, 4 (-) is anm x m matrix with (i, j)th element
a(\ w, o, B5) fori=1,j=1
. b(\, oy, B; 2 *al\, w;, a;, 3:)dw; for i=1, j#1
(Da,ﬁ O\ w)) = ( 5]) f ( J BJ) J J# (76)
I c(w, a4, B5) fo (Aiyw, g, B;)dN; for i 41, j=1
d(ay, B5) = fo I° a(Xi,wj, 05, B5)dNdw; for i #£1, j#1
Reordering rows and columns yields
det (Do (A, w)) = (~1)" @42 det Dy 5, (A, ) (77)
where
)
a(\w,i,j) for i=ay, j =/
b<)‘7Z7J> for i:ah j#ﬁl
(Dalﬂl (/\,w))m. = (78)
C(W,Z,j) for i#ah jzﬁl
\ d(i, j) for i # a1, j# B
Applying (77) in (75) we can further simplify as follows
Fhw) = L i — >3 det (Dos (h)
Ly ()L (m) (m!)? (1 — |p 2)
\pdl"”(”‘” ((
= B det (Dg, 5,
EoER o Z ﬁz )
|pa] ! SO
= — det (D, (\,w)) . 79
T T 2,2, det(Drs () 7o

The result now follows by combining (74), (78) and (79), anddvaluating the integrals(-),
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c(-) andd(-) inside the remaining determinant, using the identitied [40

OO at+i-1_—cx (t—l_a_]')' f % iail a—1 (%)T
/0 2tz e (2 fx)dx:T<E) e TZ:O( . )m (80)

for integersa andt, and [35]

3]

/ zte™®dz = D(t + 1)a ¢ (81)
0

for integert > 0.

APPENDIX III

PROOF OFTHEOREM 2

Proof: We start by noting that at high SNR, (7) can be written as
_ Y
Ty, = log, det (— Wk) (82)
Ny

where is anm x m complex Wishart matrix given by

H.H| for N, <N,
W, = : (83)
H{H, for N, > N,

Substituting (82) into (47) and using (57), we write the sade of the MIMO-OFDM mutual

information at high SNR as follows
N—-1

2
Var™(Zotam) — (W S (N -d)E {mg2 det (%WO) log, det (%Wd)}

d=1 t

1 Y ’ g
- NE (1og2 det (EWO)) — E? {logz det (EWO)D . (84)
Noting that
1 v _ v
ogydet | —=W; | =mlog, [ — | + log, det (W) (85)
Ny Ny

we apply some simple algebra to (84) and find that the ternmvimg ~ cancel perfectly, leaving
N—-1
> (N — d)E[log, det (W) log, det (W,)]

d=1

2

Varoo (Iofdm) = (m
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+ %E [(log, det (Wo))?] — E? [log, det (WO)]) (86)
Since W, is a complex Wishart matrix, we invoke results from [3] to@iv
2 flog, det (Wy)] = logy(€) 3 th(n — ) ®7)
t=0
E [(log, det (Wy))?]) = (logy(e))” (Z Yn—1)+> ¢(n— t)) : (88)
t=0 t=0

We now consider the remaining expectatiétlog, det (W) log, det (W,)] in (86). For the
extreme cases gi; = 0 and p, = 1, this is directly obtained from (87) and (88) respectively.
The main challenge is to obtain a closed-form finite sum esgiom for0 < |p4| < 1.

We start by following the same procedure as used in (50)-(®Q@he proof of Theorem 1,

which yields

E [log, det (W) log, det (Wd)]

|pa| ™=
= B det , 0< <1 89
T ()T () 1—|pd| >y P (89)

r=1 s=1

whereD,., is anm x m matrix with entries corresponding to (60), but with thé) functions

replaced with

a(x) = logy(x) . (90)

We now evaluate the integrals for the elementdyf, corresponding ta(i,j) andc(i, j) in

(60), using the identity [35, eq. (4.352.1)]

/Oooxq_le_bmln(x)dx: %(w(q)—ln(b)) . g>0, b>0 (91)
This gives
o logy()T(T + ) lpa” = (51 (_leal* ) T(w)i(u)
YD) = T T ) Z( ) () o ©2)
and
o ogy(e)D(r+ i) [pa” = (1= 1) [ lpa® ' T(0)(v)
) = =0 ) Z( C)(Te) T 53)
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To evaluate the remaining integrals I, ., i.e. for the elementa(i, j), we use (64) and (91)

to obtain

a(i, ) = (logy(e))?[pal™ (1 — [pa?) ™" (94)

Z Ipdl‘tlt (v )(H(u—1)+h(pd))(H(v—1)+h(ﬂd)) . (99)

Next we use (92)-(94) in (89), and perform some basic singglilbns to obtain

(logy(e))® S~ % =
E [log, det (W) log, det (W,)] = ——o20)__ det (Cr.s(pa) ) 96
[log, det (Wo) log, det (W,)] rm<n>rnxn1>;£;§£; et ( Cralpa) (96)
whereC, ,(pq) is anm x m matrix with (i, 7)™ element
(
ni,j(lupd) for i 7£ T, j 7£ S
= M5 (¥(2), pa) for i=r j#s
<CT’S(pd)>i - .
’ |0al? 7 15 (1(2), pa) for i#r, j=s
mg © e, LT ON A 1) () HO1)for . —

(97)
The expression (24) follows by using (96), (88), and (87)86)(

To complete the proof we must express the infinite summatiq®7) in the simplified finite-
sum form of (27). This simplification requires significangealbraic manipulations, which we
now detail. Start by recalling the definitions=t + 7 + i andv = t + 7 + j, and writing the

infinite sum in (97) as follows

(Cnton)),, = S Sl 98)

where

A=z (THt+i—D(r+t+i—1
8(r) =2 - t!(7'>+(t). .

X (h(vVo)+H(t+t+i—1)) (h(vVo) + H(t+t+j—1)). (99)

Note that the series (99), and those that follow below, arer@ment for|z| < 1 (a condition

which holds in (98)).
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Now, (99) can be written as

S(l‘) = hz(\/z)sl(lv 17 .%’) + h(ﬁ) (81(H<2)7 1737) + 81<17 H(]),JL‘)) + SI(H@)? H(]),l‘)
(100)

where

éix (T+t+i—D)Y(r+t+j—1)!

SilA(@); t(r +1)!

filt+t+i—Dfo(r+t+j—1)

(101)

for arbitrary functionsf; and f,. We now consider each of the infinite sums in (100) in turn.
First considesS; (1, 1, z). Following a similar general approach to that used in [4H,perform
the following sequence of operatidns

i g r+t+i—DI(r+t+j—1)
o (T +1)!
At SN gt (4 — 1)

T dgr it pore (T +1)!

B drti-1 0 ‘,L,tJrifl(t_}_j _ 1)]
T dpmi-1 #!

t=1
At &Sttt + 5 - 1)

 dpm il po #!

d’r-l—z 1 Z ) e 2t t+] _ 1
lvT+Z 1 Z
t=0
drti-t - di—1 0 i
_ i— Jj—1
 dpm il (:c dri—1 ;x
drti-1 i di—1 0 .
T dprticl (:c dai—1 Zx ' (102)

t=0

81(1, 1,.]]) =

Via application of the Leibnitz formula, it can be shown that

i—1 i 0
T+i—1\(G—1) , d7Hitbl .
Si(l1,2) = Z( T+ b ) b t dgTt+it+b-1 Zx
t

b=0 =0

“Note that for this particular case, a finite expression cdwgdalso found by directly matching the infinite series to a

hypergeometric function, and using associated identifsemething which cannot be done in the other cases.
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i—1 : b dTJr]er 1 0
D(t+1 Z( ) (7 )] dgr T Zx . (103)

Now noting that

> 1
g Tt = , lz] <1 (104)
1—=z
t=0
with derivatives
dr > . rl
- 105
dl‘T ( x ) (1 _ x)r—f—l ( )
t=0

z' ! nj,i(l,\/i):
(I—z)*

Now considesS; (H (i), 1, z). Following the same sequence of operations as in (102) @8),(1

(106)

we find that
. drti—1 . di—1 0
S1(H(i),1,z) = e (xj ldxi—l E_ xtH(t)>
J-1 : b T+i+b—1 o
‘ j—1 x d ¢
=T H(t)] . 107
(T+]);( b )(T+b)ldxr+z+b 1 <Zx ) ( )
Now we use [42]
> —In(1 —
S wtH() = M 2] < 1 (108)
— X

and the corresponding derivatives

— <Z 2 H(t) ) T')M(H(r) —In(1—z)), (109)

to write (107) as follows

Sy(H(i),1,2) = %Z (j . 1) (1:;) (r iiiz)j D Hr4itb—1)—In(1 — )
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(1—x) =
- (1””_—@ (m,j(H(z ~1).v&) = In(L = @)y (1, V) (110)
Now considerS; (1, H(j), x). Using exactly the same approach as$(H (i), 1, x), we obtain
Si(1,H(j), x) = LZ (an(H(z —1),vz) = In(1 — 2)n;,(L, \/E)) : (111)

(1—x)
Finally considerS;(H (i), H(j),z). We follow the same sequence of operations as in (102)
and (103). In this case it is convenient to take the succesivivatives based on the order of

i andj. In particular, withi’ = max(i, 7) andj’ = min(i, j), we obtain

] ) d’T+Z 1 . dj/_l
SUH(0), HG) o) = 3 (57 salo))

=1 /. i
, r_1 b d+J +b—1
=T(r+1)Y (" ) )< < —_Sy(x) (112)
b=0

T+ )l da7 i1

where

Z THOHt+147 —j). (113)

In this case, in contrast to the previous summations in (Bl (108), the infinite summation
in (113) cannot be directly expressed in a finite form. To e&td this series in finite form, we

start by using (29) to write

= 2'H(t)* + S3(x)
Li2(1—:p1)i—i;n (1_x)+83(91:) (114)

HOESY i vH(E) (115)

Note that the last line in (114) followed by using an identitgm [42]. We now manipulate
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Ss3(+) as follows

<
<

i'—j o0
1 o' TIH(t)
Ss(x) = o > Titg (116)
q=1 t=1
Z/7‘7-/ 1 00
= EZ/xHq_lH(t)dx
q=1 t=1
i'—j’ 1 o]
_ -1 t
= Z E/:cq (Zx H(t)) dz
=1 t=1
i/—j/ 1
1 = In(1 —
p xd 1—=z
For ¢ > 1, consider
291 742
= 72 =
1— A 1=,
1 &
=2 g¢>1, (118)
-t v=1
so therefore
i/—j/ q—1 ’i/—j/
1 1 In(1 —
S3(z) = — /x”l In(1 — z)dx — — / In(1 = 2) x)dx : (119)
x4 x4 11—z
q=2 v=1 q=1
Using [35, Eqg. 2.729]
1 i m+1 ym—k+2
"In(l —y)dy = —— " —1)In(l —y) — —_ t 120
/y n(l—y)dy 1 (y )In(1 —y) ;m—k+2 + cons (120)
and noting that
In(1 —
/%dx = —/ln(l — x)% In(1 —z)dx
In*(1 —
— _w + const (121)

we can now expresS;(z) in finite form as follows

i’ —j’ q—1 v 9 il

1 1 ; at In*(1—=z 1

33(:::):2; ;((m —1)1n(1—x)—;7)+% o (122)
= q:

Note that it can be easily verified, using (116), that thegrdadon constant generated in going
from (119) to (122) is zero. After much algebraic manipwafiit can be shown that (122)

There is a missing—1) factor in this reference.
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reduces to
ln(l—x)ilfj/lnl—x eciogs In(l—2)H@G —j' —q)
83(.%') = 9 Z + Z x4
q=1 q=1
i j/_
_ H -1 H(r—-1
(= a)H(g) 1S HE+g-1) - HE >)_ 123)

xq+1 x4 T

r=1

Now substituting (123) into (114) we can expressx) as the finite sum

SZ(x):LiQ(l—x)+ln2(1—x)+ln(1—x)zln1—;1: +ZZ ( n(l = 2)H(i' — ' — q)

1—=z 2 p o x4
In(l1 —x)H 17 Y H(r+q—1)— H(r —1)
S 2 r - U
The corresponding derivatives can be obtained after tedadgebra as follows
d" r!
where
() = Ly (1 — 2) + In2(1 — &) — 2H(r) In(1 — 2) + (2H(b - ”b_ flvb—l(x))
b=1
1 é -1
+ = 2 (ln x) for( Z )
b=0
6—1
s (H D Furl) = (@, 0) 4 10 (0K D)) (126)

9=

whered =i’ — 5/, and recall thal;,(-) is thedilogarithm function [36, eq. (27.7.1)]. Alsai(-)

is a constant given by

S H(t+q—1)— H(t—1)

K(q) = ; : (127)
and h

furlz) = i “;”7_(? — figo () In(1 — ) (128)
where .

figr() = (q e 1) =)™ (129)
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Substituting (125) into (112) we obtain
i'—1

a —
o ) S v
_ "y ,Z-((lfm_(x)—z ). v7) (130)

Finally, substituting (130), (111), (110) and (106) intd@), and then combining with (98)

and simplifying, we obtain the desired finite-sum expressio(27).

APPENDIX IV

PROOF OFTHEOREM 3
Proof: We start by following [43,44] and applying a first-order Taykpproximation to (7)
near~ = 0 to give
Ty = logy(e) Ltr (HkHD . (131)
Ny
Note that, as also mentioned in [43, 44], we emphasize thatrésult is only accurate for the
low SNR regime; in general, requiring that the conditiqn//Nt)HkH,tH < 1 is satisfied.

Now, substituting (131) into (47) and using (57), we write thariance of the MIMO-OFDM

mutual information at low SNR as follows
7 2 2 N-1
Var’(Zosam) = (logy(e))” (E) (ﬁ ;(N — d)E |tr (HoH}) tr (HH]) |

1
+E 2 (HyoH, )| B o0 (HﬂatHﬁatﬂ) (132)
whereHy,; is a flat-fading i.i.d. Rayleigh fading channel matrix. Frgm we have the following
results
E |tr (HyoHl, )| = NV, (133)

B |tr? (HyHl, ) | = N1+ VoY) (134)
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For the remaining expectation in (132) we write

T

B [0 (HoH)) o (HH]) | = B i i RN 5 SICANE

k=1 ¢=1
Ny Ni
=Y ) E[I(Hy)i* [(Ha)is "] + (N.Ny)* = NN, (135)
i=1 j=1

where the second line followed by noting that|(Hy); ;|* |(Ha)k|?] = 1 for all (¢, 5) # (k, £).

Now using (5), it can be easily shown that

E [|(Ho)ii* |(Ha)ij1?] = pal*E [|(Ha)ig|"] + (1 = |pal®) £ [|(E)i;]?]

— 1+ |pd” . (136)
Substituting (136) into (135) we find that
E [tr (H0H3> tr (Hde = N,Ny(|pal® + N, N;) . (137)

The theorem now follows by substituting (137), (134), an83)linto (132) and performing some

basic simplifications.
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Fig. 1. Variance of the mutual information of MIMO-OFDM forifiérent N, x N, antenna configurations, and different
channel lengths (uniform power delay profile). The “Anatytfariance” curves are based on (8)subcarriers is considered,

with SNR of 10 dB.
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Fig. 2. Variance of the mutual information of MIMO-OFDM foifigrent SNRs, and different channel lengths (uniform powe

delay profile). The “Analytic Variance” curves are based 8h A 2 x 2 system is considered with subcarriers.
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Fig. 3. Variance of the mutual information of MIMO-OFDM foifférent V. x N, antenna configurations, and for different
SNRs. The “Analytic Variance (High SNR)” lines are based 24)(for the2 x 3 case, (31) for thd x 2 case, and (33) for the
1 x 1 case. The “Analytic Variance (Exact)” curves are based Qrfq®@the 2 x 3 case, (20) for the x 2 case, and (22) for

the 1 x 1 case.16 subcarriers are considered, and the channel follow8-path uniform power delay profile.
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2 x 2 antennas and2 subcarriers are considered, with dB SNR. The channel follows agtpath uniform power delay profile.
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low SNR variance formula (34). & x 2 system with32 subcarriers is considered, with SNR 625 dB. The channel follows

a 4-path exponential power delay profile witkicxp, = 2.
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