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Abstract

This paper considers the problem of beamforming in mulipjrut multiple-output (MIMO) wireless systems.
Assuming perfect channel state information at the recgther choice of the beamforming vector is made possible
through a noiseless limited-rate feedback to the tranemithis paper proposes the use of beamforming codebooks
based on quadrature amplitude modulation (QAM) and phasekeying (PSK) constellations, which essentially
eliminates the need for storage of the codebook. We showsithett codebooks perform arbitrarily close to the
perfect feedback case as the constellation size incremseédhat full diversity order is achieved. We demonstrate an
equivalence between the beamforming codebook searchepnabith that of noncoherent sequence detection. Based
on this we propose fast beamforming vector search algositivionte-Carlo simulations are presented to show that
the performance is comparable to the best known codeboakisttet the search complexity can be reduced by

several orders of magnitude.
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. INTRODUCTION

Multiple-input multiple-output (MIMO) systems can proeidncreased reliability in wireless communication
links by exploiting the spatial diversity due to the incredsiumber of transmit-receive paths. A simple technique
to obtain the highest possible diversity order is to emplansmit beamforming and receive combining, which
simultaneously improves the array gain. This techniquaireq that the transmitter has channel state information
in the form of a transmit beamforming vector. It is often imgtical to have a reciprocal channel for the transmitter
to estimate the channel, and thus a small number of bits atevisea feedback path for the transmitter to recreate
the beamforming vector. Such systems are known as limitedbi@ck systems (see [1] and references therein).

In these limited feedback systems, the transmitter anduwercghare a codebook of possible beamforming vectors
indexed by a number of bits. The receiver chooses a beamfgrméctor from the codebook on the basis of
maximizing the effective signal-to-noise ratio (SNR) aftmmbining, and sends the corresponding bits to the
transmitter. We examine two beamforming codebook strasei this paper. Firstly, we consider maximum ratio
transmission (MRT), where the beamforming vectors aretcaingd to have unit length, so that the energy expended
in each packet transmission is unchanged [2, 3]. Secondycamsider equal gain transmission (EGT), where the
transmit power of each antenna is unaffected, and thus tipdif@anrequirements are not increased [4].

The most straightforward approach to designing a limitegldback system is to employ scalar quantization
where each component of the beamforming vector is quansigpdrately. More advanced approaches to the limited
feedback design problem involve designing beamformingorezndebooks using the minimum number of feedback
bits possible for a given effective SNR after combining [Bgglecting the search and storage requirements. The
codebook design strategies which have been suggestedthee mimerical optimization techniques [3-7], or for
larger systems the codebooks can be randomly genefaedndom vector quantization (RVQ) [8]. Such random
codebooks have been shown to be asymptotically optimaleasuimber of bits and antennas increase [9, 10].

Unfortunately, the codebook size increases exponentillly the number of transmit antennas to maintain a
given effective SNR or capacity loss with respect to the lideeuantized system [3,7, 11]. Since the codebooks
have no structure an exhaustive search is usually requtiidime-varying channels, the resulting delay due to the
excessive search time reduces the effectiveness of theftweaimg vector when employed at the transmitter [12].
Non-exhaustive methods for searching unstructured camebat the expense of increased memory requirements
have been well documented in [13]. One of these methods igeasearch [5, 14], where storage of the tree and
codebook is required. An additional consequence of expa@iegrowth in codebook size is that even storage of

the codebook may be infeasible for large numbers of antennas
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In this paper, we propose schemes to reduce both the sealcst@age complexity. This is enabled by using
structured codebooks where each vector in the codebook egaesce of symbols from am/-ary quadrature
amplitude modulation (QAM) oi/-ary phase-shift keying (PSK) constellation. The QAM coulwts are used for
guantizing the ideal infinite-precision MRT vector, andcgPSK symbols have equal envelope, the PSK codebooks
are used for quantized EGT. Before application at the trittesmthe vectors are scaled to have unit norm so as to
satisfy the power constraints.

Since QAM and PSK constellations have simple bit-to-symimalpping algorithms no codebook storage is
required at either the transmitter or recelvéVe show that the performance can be arbitrarily close toidbal
unquantized system a%/ — oo and that the codebooks achieve the full diversity order. 8e adiscuss the
improved peak-to-average power ratio (PAPR) obtained ocagpared to using unstructured codebooks.

Our primary motivation for proposing the use of QAM and PSKeooks is to exploit their structure to reduce
the codebook search complexity. To do this, we first dematesthe equivalence between the problem of finding
the optimal beamforming vector in the codebook and the probbf noncoherent sequence detection. We then
provide optimal codebook search algorithms based on thenfascoherent sequence detection algorithms given in
[15-17]. We also show how further reductions in complexitgynbe obtained, while maintaining near identical
performance, by using the suboptimal noncoherent sequeeisetion algorithm from [18]. We show that the
complexity of the new algorithm can be orders of magnitudalenthan an exhaustive search. We also show that
even lower complexity scalar quantization schemes can bela@jged with a compromise on performance.

Importantly, we show that these reduced-search algoritthneot reduce the diversity order of the system. We
also calculate the average effective channel gain and goam upper bound on the capacity of the beamforming
system employing PSK-based codebooks and scalar quaonizat

Finally, we compare via simulation the QAM and PSK-basedswds to the codebooks obtained via numerical
optimization in [3,7,19, 20], available for small numbeifsamtennas and codebook sizes, and for large number
of antennas we compare to randomly generated codebooks.hdve that the performance is similar for the
same number of feedback bits, and much improved for a givempatational complexity. We also show that the

performance of the proposed quantization algorithms Sagmitly improves over a scalar quantization approach.

II. MIMO B EAMFORMING SYSTEM MODEL

We consider a single-user, narrowband wireless MIMO systemploying transmit beamforming and receive
combining with N transmit antennas anll receive antennas (for more details see [3]). The chaHnelCV#*Nr

1The index bits need not be relayed in the same modulationaborm
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is assumed to be independent and identically distributéd.{icomplex Gaussian with unit variance. The channel
state information (CSI) is perfectly known at the receiver.

Given the transmitted symbai € C, the received symbaj € C is given by
y=zHwz+zn 1)

wherew € CN7*1 andz € CV=*! are the beamforming and combining vectors respectiveliy || , ||z|| = 1.
The vectorn € CN# consists of i.i.d. circularly symmetric complex Gaussiamiables, each with varianch.
The average symbol energy I8, = E[|z|*]. The instantaneous signal-to-noise ratio (SNR)is

» E,I'(H)
R

P
wherel'(H) £ |zTHw\2 is the effective channel gain.

Note that given anyv, it is well known that the combining vector which maximizes SNR is given by maximum
ratio combining (MRC) where = Hw/ |[Hw||. The resulting effective channel gainliyrc(H) = |[Hw]|>.

We consider the case where there is a low-rate, error-fexe-delay feedback channel from the receiver to the
transmitter, as in [1, 3]. The receiver and transmitter stamicodeboolk’ of N possible beamforming vectors of

unit magnitude, which are indexed Wy = [log, N bits.

To maximize the SNR, the receiver chooses the beamformingpv&om the codebook according to

Hv |2
W = arg max ” V! . (2)

vee [lv]|

and then sends the corresponding index bits to the tramsmitt
The beamforming scheme employing the ideal unquantizedhfoeming vector with||w|| = 1 is known as

maximum ratio transmission (MRT) [2]. In this case, the idi@éinite-precision beamforming vector is given by
the right-singular vector oH corresponding to the largest singular valueldf We denote this vectow°"'. The
effective channel gain when using MRT and MRC is dendtggrvrc(H).

For equal gain transmission (EGT), the beamforming vectas the property thapw;| = 1/y/Nr for all t.
The effective channel gain when using EGT and MRC is denbtegt urc(H). In this paper, we generate EGT
beamforming vectors by quantizing the optimal MRT vectd' so as to maximize the effective SNR under the

per-antenna power constraint.

I1l. CONSTELLATION BASED CODEBOOK DESIGN

In this section, we propose a method of beamforming codelsoaktruction using sequences of symbols drawn

from an M-ary QAM or PSK constellation. We then show how the beamfagmiectors are indexed efficiently.
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A. QAM Codebook Construction

For QAM, the proposed codebodkis the set of allM/ N possible sequences af-ary QAM symbols of length
Nr, with some sequences that we will show to be redundant rethdiethis paper we focus on some specific
QAM constellations. The QAM constellations we consideistathe following properties: 1) the real and imaginary
part of each constellation point is an odd integer; and 2)ctivestellation exhibits 2-fold rotational symmetrgn
the complex plane about the origin, so that there existsaat lene pair of antipodal constellation points—u.
Specifically, we consider square QAM witlf = 4,16,64 and rectangular 8-QAM where the constellation points
have real parit1, £3 and imaginary pari-1. However, it is not hard to extend the algorithms and anslisither
constellation shapes such as cross or circular.

Each QAM vector is a basis for a subspacedf”. Moreover, two vectors/;, v, are a basis for the same
subspace inCV7, if there exists some; € C such thatv; = vy, implying |[Hv1| /|[vi| = [[Hval/[|va]l.
There exist sets of QAM vectors which share the same subspatalways give the same effective channel gain
regardless oH. Therefore the redundant vectors can be removed to redecauimber of feedback bits. When
|v| = 1, this is a phase ambiguity. Since square QAM constellatitne 4-fold rotational symmetry, each QAM
vector has at least three other QAM vectors in the codebaatkdiascribe the same subspace. Hence, only a quarter
of all possibleM N constellations are required, and by removing redundaniesezps this saves two bits in the
feedback path. To remove this ambiguity, we apply the @gin thatRe {v;} > 0 andIm {v:} > 0, for all v € C.
Thus, two less bits are required to descriheand an upper bound on the number of bits required for the aadeb
is B < [Nrlogy, M —2]. The version of 8-QAM considered in this paper exhibits dfpld rotational symmetry,
hence we apply the restriction thah {v;} > 0 and it follows thatB = 3N — 1.

Another form of ambiguity arises between QAM vectors wheh~ 1, which we call a divisor ambiguity [21].
Closed-form expressions for calculating the number of neldint sequences due to divisor ambiguity were provided
in [21] using number theoretic techniques in the contextariaoherent sequence detection. For the constellations
examined in this paper, the number of such sequences is gnificant enough to reduce the required bits in the
feedback path by 1, regardless of the number of antennaxeiisimce we are considering only a single channel,
the upper bounds given in the previous paragraph are treatedualities in the rest of this paper. However, small
reductions in the feedback rate may be obtained for some l&fgwvhen quantizing over a number of channels,
such as in an OFDM system.

Note that asM increases there exist candidate vectors in the QAM lattie¢ give an effective channel gain

2An object exhibitsn-fold rotational symmetry in 2 dimensions if a rotation &f /n does not change the object.
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|Hw/||? arbitrarily close to the optimunjHw°"|?,

B. PSK Codebook Construction

For PSK-based codebooks, the codebGols formed by normalizing the set of al/"= possible sequences
of M-ary PSK symbols of lengthVy to have unit magnitude. Due to the/M rotational symmetry of PSK
constellations, each PSK sequence héas- 1 other PSK sequences that describe the same subspace. Teeremo
this ambiguity, we apply the restriction that = 1/Nr. Thus, no bits are required to describbe and the number
of bits required for the codebook B < [(Np — 1) log, M.

As M increases there exist candidate vectors in the PSK-bas#ebook that give an effective channel gain

arbitrarily close to that obtained by using the ideal undgizad EGT vector.

IV. CODEBOOK PROPERTIES

We now discuss the properties of the codebook which sugfestthe performance of the QAM and PSK
codebooks will be comparable to the unstructured codebd&show that the codebooks achieve the full diversity

order and have a better PAPR than unstructured MRT codebooks

A. Diversity order

A system achieves diversity ordér if the probability of symbol errorpP,, averaged oveH satisfies

log P (Ey/No)
8 Lellw/No) 3
B /Nooo log(Ey/No) 3

For an Nr x Nk system the maximum achievable diversity orderlis= Ny Ngi [2]. To show that QAM and
PSK-based codebooks achieve the full diversity order, v fiote the following result from [22, Theorem1].

Theorem 1 (Love and Heath [22])A wireless system employing beamforming and combining ovemoryless,
correlated Rayleigh fading channels provides full divgrairder if and only if the vectors in the beamforming
codebook sparf¥N7 and there exists a set of valid combining vectors that span.

Note that the theorem includes i.i.d. Rayleigh fading MIM@annels as a special case. This result is used in the
proof of the following lemma.

Lemma 1: A wireless system employing a QAM or PSK-based beamformodgebook with receiver combining
over memoryless, correlated Rayleigh fading channelsigesviull diversity order if the set of valid combining
vectors sparCVNz,

Proof: The proof proceeds by first constructing a set of vectorssipgrC¥* so that Theorem 1 is satisfied.

To do this we can construct a matrix with linearly indeperndews, which are the required spanning vectors, and
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represent valid codewords. Consider the maBix 1+ (ejf_f — DI, wherel is an N x Ny matrix with all entries
equal to one, andl is the N7 x Ny identity matrix. It can be seen that the row vectors®are valid codewords

from an M-ary PSK-based codebook. Noting thitt(B) # 0 if and only if B spansCr, we have

j2m

det(B) = (¢ — 1)M7 det(I+ (e — 1)711)

j2r N
= (e — N7 <1 + %)
em —1

Jj2m

= (e — NS — 1+ Np). (4)

Now, (4) is equal to zero only ifif = Ny = 2. In this case, we can use rows of the linearly independentixnat
B = [{ ] as codewords. Therefore a set of beamforming vectors tiaet@g" can be constructed for any value
of Ny from an M-ary PSK codebook. It follows from Theorem 1 and the assumnptihat the combining vectors
spanC™=, that PSK-based codebooks achieve the full diversity oiece antipodal BPSK sequences are a subset
of any QAM-based codebook, it follows that QAM-based coddsoachieve the full diversity order. [ |
Note that the proof could be simplified if we did not considérary PSK for allM by noting that BPSK sequences

are subsets of QAM and/-ary PSK codebooks with evel .

B. Peak-to-Average Power Ratio

The PAPR is an important issue in codebook design, as it caatlgraffect the hardware requirements of
multiple-antenna systems.

We consider the peak-to-average power ratio (PAPR) takée tihe ratio between the maximum possible power
scaling performed at any one antenna, over all possiblengignand that of the average power of the antenna. We
assume that there is no additional variable power scalimfpieed at the transmitteie(g. due to automatic gain
control).

Firstly, note that the average transmit power per antefqa,s NLT since||w|| = 1. We now turn to calculating
the peak power at any one antenna, define®@ag = maxwec max; \wt\Q.

For unstructured codebooks, if the only design constrgiptied is that/|w|| = 1, it is possible that there exists
a codebook vector corresponding to all the power being atrated in one transmit antenna. It follows thagax
can be as high as one resulting in a worst-case PAPR of PAPR-.

For QAM based codebooks, we have by construction that eatdn@a has a non-zero power allocation, and
hence the PAPR is always strictly less thap. Furthermore, the PAPR is also bounded by the constellgima

3As a consequence of the bit saving restriction that> 0 discussed in Section IlI-B, the first row vector must be edaio be a valid

beamforming vector. This does not affect the rank of the imatr
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For example, forM-ary square QAM constellations, the peak transmit powengtaatenna due to beamforming is
due to the case where one antenna is designated one of theutammost QAM constellation pointsg. (v M —
1) +j(v/M — 1), and the rest are designated one of the four innermost QAMtetiation pointse.g. 1 + ;.
Remembering that the beamforming vector is scaled to haenuagnitude, the maximum magnitude of any

element of the beamforming vector is therefore

b (/M1
T )+ (-1
Hence
pAPR— N (VAT — 1) - < (VM —1)?

(Np — 1)+ (VM —1)
sinceyv/M > 2 and hencd+/M — 1)? > 1. Hence, employing QAM-based codebooks instead of naivesygmed
unstructured quantized MRT codebooks implies that ampdifieith smaller dynamic range can be used, reducing
the expense of the system. Alternatively, the power bactaxffiired to avoid nonlinear amplifier effects may be

reduced, increasing the range or throughput of the system.

V. CODEBOOK SEARCH

In this section we show how the codebook search over the pegp@AM and PSK-based codebooks can be
performed optimally with low complexity by observing an a@lence with nhoncoherent sequence detection, and
then applying fast noncoherent algorithms developed fat phoblem.

We also consider a suboptimal approach for the QAM codebeakch, which reduces the complexity consid-
erably without any noticeable loss in performance. We alsmmgare scalar quantization approaches, which have
low complexity but suffer a performance loss. We provide #ienh framework for the algorithms to clarify the

complexity-performance tradeoff of the schemes.

A. Codebook Search via Singular Vector Quantization

We first show that for the case whel, < 2, the search in (2) is equivalent to finding the closest beamifay
vectorin angleto the optimal unquantized beamforming vector. For the ¢édge> 2, we show that it is also a good
first-order approximation. We denote this approach as &ngrector quantization (SVQ), because it effectively
performs a codebook search by quantizing the righthandulEingector associated with the largest singular value

of the channel matrix.
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We start by calculating the effective channel gain, in teohangles, for a particular beamforming vector

Using MRC we have
Pvrc(H) = |[Hv|? va ug |2

whereK = rank(H) > 0, o7 is thekth ordered singular value d{, anduy is the correspondingth right singular

vector. Note thati; = w°Pt by definition. Now defining

o2
cos?f(v,u) £ %
[[v][* [l

where by definitiond(v, u) is the principal angle between the subspae€sand uC, and recalling that|v|| =

|lug|| = 1 we have

K
Tvrc(H) = > o} cos® 0(v, uy). (5)
t=1

For the MISO case, or for the MIMO case wherenk(H) = 1, there is only one singular vector and hence
Imrc(H) = o2 cos? §(v, woP). Therefore the maximization in (2) can be achieved by séagcfor the closest
vector inC in angle tow°", i.e.

w = arg max cos” (v, w°P). (6)
vel

For the MIMO case whereank(H) > 1, we obtain the upper bound of (5) as follows,

K
Ivrc(H) < 07 cos? §(v, woP) + o2 Z cos® B(v,uy,) = o cos? (v, wP) + o3 sin? f(v, woP)
k=2
where we have used the fact that

K K
ZCOS2 O(v,u) = Z Iviug 2 = 1.
k=1 k=1

Similarly, we obtain the lower bound
Iwrc(H) > 07 cos? 8(v, wP') + 0% sin” O (v, wOoPh).

The upper and lower bounds are equal for the céégs= 1,2. Thus for Ny < 2, finding the beamforming vector
closest in angle tav°?' maximizes the effective channel gain.

Also note that the upper and lower bounds both appragctvs? §(v, woP') as cos? (v, woP') — 1 (i.e. for
beamforming vectors in the codebook close to the optimalyredver, note that foivg > 2, |Hv| /||v| and
cos? (v, woPY) are still maximized by the same unquantized vectors. Thezefve are motivated to use codebook
search algorithms that limit the search to only those vecttwse in angle taw°?, regardless of the number of
receive antennas.

In summary, we see that the SVQ approach of calculating tigukir vectorw°?, and searching the beamforming

vector codebook according to (6) gives optimal or nearrgatiperformance, depending on the scenario. For systems
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with Nr < 2 searching according to (6) is optimal. Fdiz > 2, searching according to (6) is expected to at least
give a good approximation, if not the optimal. The approxiora comes about in this case since there is no
guarantee that the optimum beamforming vector, accordin®), is in the search space. Finally, we note that the

SVQ approach can also be used in the limited feedback MIM@dwrast scenario [23].

B. Equivalence between SVQ and Noncoherent Sequenceibetect

In this section we show that there exists an equivalencégrkhip between SVQ using the angular metric and the
problem of sequence detection over unknown deterministtefdiding channels, e.g. [21, 24]. The equivalence can
be seen by noting that the cost function in (6) is equivalermtdncoherent detection in the form of the generalized
likelihood ratio test (GLRT) [25]. Specifically, considéret detection of a discrete valued inpute C”, given an
output

y =hx+n (7

wheren € CT is a vector of i.i.d. additive white Gaussian noise dnd C is an unknown deterministic channel
assumed constant for a period Bfsymbols. As was shown in [24], the GLRT-optimal data estent-R" is

obtained from the received data by solving

«GLRT _ arg min min ly — iLin = argmax cos? 0(y,X). (8)
X § x

Note also that the angular metrios? §(y,%) is also the metric for maximum likelihood (ML) estimation af

sequence of PSK signals over an uniformly distributed plmaseoherent AWGN channel [26]g.,

2
M = arg max Ep[p(y|%,0)] = arg max ‘yTx‘ = arg max cos® 0(y, X).
X X X

The important step in this paper is to recognize that thectietetask of searching the transmitted symbols in (8)
is equivalent to the beamforming codebook search in (6pllbws that the algorithms developed for the detection
problem can then be applied to the beamforming vector camlebearch problem.

For sequences df' symbols drawn in an i.i.d manner from a specific constelfatio was shown in [27] that
the GLRT-optimal data sequence estimate can be found in piolgnomial with 7. An explicit lattice decoding
algorithm for QAM symbol detection over fading channelsttaes the GLRT-optimal estimate with complexity
O(T?) was given in [15]. For the constellations BPSK and QPSK, Minecaherent PSK sequence detection can
be performed using an algorithm with complex@®(7 log T") [16,17]. Thus we are able to use the algorithms in
[15-18] as a basis for a low-complexity algorithm to find thaimal beamforming vector according to (2), where

of course the sequences are of lendih.
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Once the equivalence is made, the algorithm manifestd déelctly in terms of a ‘black-box’ implementation
of the noncoherent sequence detection algorithms, whiclonpe the SVQ operation. We first discuss the black-
box implementation of the algorithms, before providing dfied framework of their operation which will explain
the relative performance and complexity advantages ofgugiase algorithms. Table | gives pseudo-code for the
proposed codebook search for both QAM and PSK-based colkeboo

The function QAM-SV@w°P!) on line 4 performs a quantization ®°P by choosing a vector from a QAM-
based codebook. We propose three different methods foratiebook search each achieving a different complex-

ity/performance tradeoff.

« QAM-SVQ: The codebook search is performed using the GLRT-optimacaberent sequence detection
algorithm in [15] which searches in a reduced space butguidirantees that the QAM codeword closest in
angle to the input vector is found. This algorithm’s comjitiexs vastly reduced compared to an exhaustive
search, as only)(N2) vectors in the codebook are tested. Whép > 2, we recall that the closest-in-angle
search is not strictly optimal, so we improve the perforngabg making the modification to the algorithm that
each codeword examined is tested according to the effectimanel gair|Hv||* /||v||® instead of the angle.

« Suboptimal QAM-SVQ: This codebook search is a suboptimal simplification of thEMISVQ algorithm,
using the suboptimal detection algorithm in [18, SectiorBY.I This algorithm examines far fewer codewords
than QAM-SVQ, but the beamforming vector closest in anglevf8' is nearly always found. We will see via
simulation in Section VIl that there is negligible performea loss relative to QAM-SVQ.

o Scalar QAM-SVQ: In this codebook search, the ideal beamforming veetSt is multiplied by a scalar
value and then each element is quantized with a scalar Eaclidiuantizer. This has the lowest complexity
but comes with a performance loss.

After the quantization, the function Rotate-To-First-Qran{w) on line 5 of Table | is invoked which multiplies the
vectorw by a complex unitt1, 4-i so that for square constellatiods< argw; < 7, or for rectangular constellations

0 < argw; < . This gives a valid beamforming vector from the codeboole fmction QAM-to-Bit§w) performs

a QAM bit demapping and removes the first one or two bits of #suence that are redundant, due to the phase
ambiguity, to provide the feedback bit sequence.

Similarly, for the PSK-based codebooks the function PSKBV°P!) on line 7 performs a quantization ef°P

by choosing a vector from a PSK-based codebook using oneedfath following methods.
« PSK-SVQ: The codebook search is performed based on the detectiorithfg from [16, 17] which provides

the closest PSK vector in angle to the input vector. As for@#M case, the input is the ideal unquantized
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MRT beamforming vectom°P.,

« Scalar-PSK: This codebook search is similar to that described for sc@M-SVQ. The performance is the
easiest to analyze, and we will see via simulation this plesia tight lower bound on PSK-SVQ performance
for moderate number of feedback bits per antenna.

After the PSK quantization, the function Rotate-To-Realsféw) on line 8 of Table | rotates the vecter by a
complex number so thdin {w;} = 0 to give a valid beamforming vector. The function PSK-tosBit) performs
a PSK bit demapping ignoring the first symbol.

For both QAM and PSK-based codebooks, the selected inds»atst sent to the transmitter, where the bits are
remapped to the constellation points to create the beanigreectorw, which is then scaled so thiw| = 1.

In Section VII, we will see via simulation that the algoritamvhich search the codebook for the codeword

closest in angle to the ideal unquantized beamforming vemmduce very good results.

We now discuss the algorithms in more detail so as to hightlghdifferences in the complexity and performance

gains.

C. Unified Framework of Codebook Search Algorithms

In the previous section, a number of search algorithms weferred to, from [15-18]. In this subsection, we
provide a unified overview of the operation of each of thesedealgorithms. We discuss their relative complexities,
in terms of N¢, the number of codewords that are enumerated and have teéicroalculated by each algorithm.
This allows us to show the merit of the suboptimal QAM-SVQ @eh and the benefit of the “closest-in-angle”
based search algorithms compared to a simple scalar qatotiz

Recall from (7) the relationship between the SVQ angulat @osction and the Euclidean cost function. More
generally, for both QAM and PSK each of the SVQ search allgordt discussed in the previous section can be

formulated as an optimization of the following form

. . . opt 2
W = arg min IﬁIg?Izl HW ﬁv” 9)

whereR C C is the search region of the algorithm, which is different éach algorithm and whether QAM or
PSK is used. In the following subsections we describe thieréifit search regions for each algorithm, and outline
the search procedure.

Note that from a geometrical perspective it is useful tokhifi 3 as a scaling parameter, that allows any scaled
version of a codeword to be tested in terms of Euclidean mtigtaCertainly, the scaled version of the codeword

that minimizes (9) will also minimize (6).



Submitted to IEEE Transactions on Communications, submitted Apr. 2007, revised Aug. 2007, Jan. 2008. 12

1) QAM-SVQ:For QAM-SVQ, the proposed search algorithm from [15] parfera search, which when viewed
in terms of (9) corresponds to the case wh®&es the entire complex plan€. In essence, the search algorithm
limits the search space by focusing on the complex plane etbfiy 5~ w°P', and searching only the vectors@n
that are near the plane. More specifically, it only searcleesors which have a nearest neighbor region which cuts
through the plane. The nearest neighbor region of a codewdsdlefined as the region 6"~ for which x is the
closest codeword in terms of Euclidean distance. In Fig@ag Wwe demonstrate the plane with am{ﬁ‘l} and
Im {ﬁ—l} for the case ofNy = 3 using a 16-QAM based codebook. The criss-crossed lines effighre show
where the boundaries of the nearest neighbor regions ofdtdebook vectors intersect with the plage!wo°",
where we show the case for an arbitrapf®. Seen from a different perspective, the plane is partitioimeo
regions, such that all values 6f ! in a particular region correspond to the same codeword;whjcdefinition is
the codeword that minimizelsw®t — gv]||? for those values? .

The search algorithm can be viewed as picking a valuygdfwithin each region, and for each region calculating
the corresponding codeword via nearest neighbor decodirtgeopoint 3~ 'w°Pt (For the details on how these
boundaries, internal points, and nearest neighbor codksaame calculated, see [15, 18]). It was shown in [15] that
this set of codewords contains the codeword which minim{2¢s

It was shown in [18] that since square QAM constellationsitgki-fold rotational symmetry, only values of
B~ in the first quadrant need to be examined to guarantee thatgtimal QAM codeword is found, reducing
N¢ by approximately a factor of four. Moreover, it was shown 18] Theorem 2], that knowledge of the range
of values of the elements iw°P can be used to restrict the search oget to a finite region. These two factors
reduce the search over~! to that of the shaded region in Figure 1(a). These improvésnessult in the worst
case complexity of the overall algorithm to B& < 1 N7 (2N — 1)[(VM —1)2 — 1] + 1.

For the case of rectangular 8-QAM, the square QAM algoritsnapplied similarly, with the exception that it
has only 2-fold rotational symmetry, and the resulting weoese complexity for this case 8¢ < 6NZ —4Nr + 1.

Clearly, these methods provide a huge complexity improveroeer an exhaustive search, which would require
examination ofN > M7~ codewords.

2) Suboptimal QAM-SVQFor suboptimal QAM-SVQ, the proposed search algorithm fi@8y Section VI.B]
performs a search which when viewed in terms of (9) corredptm the case whefR is reduced to a set di lines
emanating radially from the origin, given b{yaeje |a>0,0 {1, ei_’i, - ,e%}}, wherer is the number of
rotational symmetries in the constellation. This is dent@ted in Figure 2(a), where the lines are shown in bold.
The search algorithm in this case divides the lines into ssgsndefined by the nearest neighbor boundaries, and

calculates corresponding codewords for each segment.igtdkearly a lower complexity search compared with
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QAM-SVQ described above, since line segments are easiegltolate than two-dimensional region boundaries.
The suboptimality comes about since it is clearly not guieeahthat the set of lines pass through all of the regions,
therefore some codewords will be missed.

Simulations indicate that the number of linesrequired for near-optimal performance is smalk= 4 is sufficient
for square constellations wherd < 64 and Nr < 10. The overall complexity is dominated by the number of
phases and the complexity of each ‘line-search’, which imidated by a sorting operation and therefore the
complexity of the algorithm turns out to @(/Nylog Nr) per phase estimate.

The upper bound on the number of codewords examined by treptital algorithm is onyWNe < L(2Np (v M /2—
1)+ 1) for square QAM [18]. For 8-QAM it isN¢c < L(2Nr + 1), although the number of lines are doubled since
8-QAM requires a search over the right-hand half plane.

3) Scalar QAM-SVQ:This algorithm has negligible complexity, at the expenseahe performance loss, by
performing a simple scalar Euclidean quantization of thdewmrd. The algorithm works by choosing a single
value of 3, and then performing a scalar quantization, equivalentntizing each element e#°" independently,
thus dropping the second minimization in (9).

We considered several ad hoc methods for choosing the valdebased on knowledge of the constellation and
of w°Pt, We found that the performance of the methods was very singilen for small antennas and feedback bits.
We therefore suggest using a simple technique by sefiingsuch that the average magnitude of the codeword

and ideal beamforming vector are matchee,

N
Sl

We will confirm via simulation in Section VII, that scalar quization is inferior to the closest-in-angle methods.
However, the performance of scalar quantization appraaehgular quantization as the number of feedback bits
per antenna increases.

4) PSK-SVQ:In the case of PSK the cost function (9) has the form

w = argmin min

2
‘WOpt—eJGVH .
veC 0€[0,2m)

This reduction of the search space frdtn= C to R = ¢/[%7/2) is due to the constellation having a constant
envelope, and therefore the magnitudegotioes not affect the corresponding best codeword estimatee&ch
phased a corresponding best codeword estimate exists, and thmer#fe interval[0, 27r) can be partitioned into
intervals which correspond to obtaining the same codewstithate. This reduced search is shown in Figure 1(b)
for a quantization of an arbitrary vecter® using 8-ary PSK forV; = 3. Note that the search ovéris further

reduced to the emboldened dfcw/2M ), due to the rotational symmetry of PSK constellations.
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The algorithm in [16, 17] effectively calculates the inegBon of the arc|0, M) with the lines on the plane
indicating the nearest neighbor boundaries. The algorithen sorts the boundary points in order of phase which
allows the codeword estimates and corresponding angulaiicnte be updated in a recursive manner.

The complexity of the algorithm is dominated by the sortile@tion of Ny boundary points; a computation
which has complexityD (N7 log Nr), and results inNg = Np.

5) Scalar PSK-SVQIn this scheme the optimal unquantized MRT beamformingardstrotated so thawgpt =1.

Thenwy is chosen according to the scalar quantization

w = arg%leilcl [|wOPt— VH2 )

VI. PERFORMANCE OFCODEBOOKSUSING PROPOSEDSEARCH ALGORITHMS

In this section we examine the performance of the new codebaben used with the proposed codebook search
algorithms. We first show that the full diversity order is mtained for the proposed codebook strategies, as it was
proved for the exhaustive search in Section IV-A. We alsaudate the average effective gain and an upper bound
on the capacity of the scalar-PSK technique which providesvar bound on the performance of the optimal-PSK

algorithm.

A. Diversity Order with Proposed Codebook Search Algorghm

Although Lemma 1 covers an exhaustive search approache# dot guarantee that the use of suboptimal QAM-
SVQ or the optimal SVQ approaches fofz > 2 achieves the full diversity order. This is because evenghou
the vector maximizing the SNR may be in the codebook, it malyb@oexamined and chosen by the suboptimal
schemes. To cover these scenarios, we first provide thenialiplemma.

Lemma 2:For an Ny x Ny wireless system employing a BPSK beamforming codeboolenaiat selection at
the receiver and codebook search

2
= arg mug 611_11111] Hw ﬁVH , (20)

the diversity order isD = NpNg.

Proof: We start by considering a system employing unquantized E@R antenna selection at the receiver.
For such a system the beamforming vecterhas the restriction thatv;| = 1/v/Np, Vt = 1,..., Ny, and the
combining vector is restricted to be one of the rows of té; x N identity matrix. The effective channel gain

of the ideal unquantized system with EGT and receiver artesefection (SEL) for a particuld is

1<r<Ng Nt

Pecrsel(H) = max —<Z!hrt\> (11)
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It was shown in [4] that this system achieves a diversity oafeN; Ng.

We now show that for the BPSK-based beamforming codebookuaimy R = {1,;} the SNR is no worse
than a quarter of the SNR achieved by using the EGT-SEL sysi#midentical £, /N, reduced by a constant
factor. From this it follows that the diversity order is no mwe than that for EGT-SEL, and is hence equal to it.

The codebook search scheme given in (10) effectively cloore of the beamforming vectors

\/]1TT sgn{Re{h;, 1}}sgn{Re{h, }} or w® = \/JIV_T sgn {Im {h, 1}}sgn{Im{h, }} (12)

depending on which one gives the greater effective chanaial gvherer, is the maximizingr in (11), andh,

W) —

is the rth row of H. The vectorsw®) and w® are derived from the cases whefe= 1 and 8 = j in (10)
respectively. We also defing,, as thergth row of the Np x Np identity matrix.

Usingw = w(!) and the antenna selection vectoe e,,, the effective channel gain is
2

NT NT 2
1 1 1
F(BP)SK,SEL(H) = Ny Z hrosgn{Re {1} > Nr (Z |Re {hro,t}|>
t=1 t=1

Similarly, when usingw = w(®,

Nr 2
2 1
P(BP)SK,SEL(H) > Np <Z |Tm {h’?“o,t}’> :
=1

Hence, when choosing the best of the two vectors, the aeffectiannel gain is,

1 2
I'spsk sel(H) > max {FI(?;FZSK,SEL(H)? P(BP)SK,SEL(H)}

1 1 2
Z 3 (F(BP)SK,SEL(H) + F(BP)SK,SEL(H)>

1 <NT Nr 2
o (S Re 43 um{hm}\)
ANT \ =1

1 (= ‘o
> Ny <; |hr0,t|> = ZFEGT,SEL(H)

where the third inequality follows from the fact that for amyb € R, a? +b* > %(aer)2 and the fourth inequality
is obtained by application of the triangle inequality.

Now, for all H, we have shown that by choosing the BPSK vectors as in (12)hawe I'gpsk sel(H) >
%FEGT,SEL(H). Hence the probability of error is no more than that of a systising EGT-SEL with transmit power
%Ex. Thus the diversity order is no less than that of an EGT-SHtesy, which was previously established to be
NgrNrp. Since it is not possible to be greater th&i Nr, the BPSK-based beamforming codebook diversity must
equalNgNrp. [ |

The scalar quantization scheme proposed in the proof of L&rann (12) performs a search ovgre R =

{1,5} so as to minimizel|w°" — Bv]||%. As discussed in Section V, the QAM-SVQ and PSK-SVQ algorith
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are equivalent to performing a search over @lle R = C, and therefore the effective channel gain is never
less than that of the scheme of Lemma 1. For suboptimal QANDS¥he search region is effectivelg =
{ aest | €]0,00), £=0,...,3L — 1} if the rotational symmetry of the constellation is takenoirgccount;
which clearly includeq1, j}. Hence the effective channel gain of suboptimal QAM-SVQ #re QAM-SVQ and
PSK-SVQ schemes wheNi > 2, is never less than that of the scheme used in Lemma 1. Therdfe full

diversity order is achieved when using these codebook kesiremes.

B. Performance of scalar PSK-SVQ

In the case of anVy x 1 system using scalar PSK-SVQ it is possible to obtain expégpressions for the
average effective channel gain, which can be used to obtaapacity upper bound.
Lemma 3:For an Ny x 1 wireless system employing scalar PSK-SVQ of /nary PSK-based beamforming

codebook, the average effective channel gain is

(NTT)[Q 0?2 (13)

I'scalarv-Psk ave= Q2I‘EGT,ave‘f‘ (1 — 92) +
whereQ) £ sinc(M ') and'ecraveiS the average effective channel gain for unquantized EGT.
Proof: For a particular channél ¢ C'*"r, the effective channel gain is determined by the differemesveen
the channel phase and the phase of the beamforming vectsemhy scalar quantization. We first apply a rotation
to the channel vector so thag has zero imaginary component. It follows that the diffeeeirc phase betweemn,

andhy for ¢t > 1 is at mostr/M. Hence, definingy; = (arg h; —argwy) the effective channel gain of a scalar

M-ary PSK system for a particuldr is given by
2

j2may

|e M

I‘ScalarM PSK

wherea; = 0 anday € [-0.5,0.5] fort =2,..., Np.

We denotea = [a; ... ay, ] as the vector of amplitudes ®f, that isa; = |h;|. We now calculate the average
gain over all channels which have the sama First note that the phase of each elemeri &f uniformly distributed
over the interval0, 27) and independent of the amplitude Thereforex, is an i.i.d. uniformly distributed variable

over the interval—0.5,0.5] which gives

2ma
Eh\a[FScalarM-PSK /] /] Z |ht|e] Y
1 1

We now use the following properties. Foe£ ¢ andt,t’ # 1 we have

2 [2 semay  s2mey
L e e T dopdoy = Q)

dag .dan,.
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since
% 2 % 2ra
T
/_l CoS <W>da =Q and /_l sin <W>da =0
2 2
Hence,
1 Nr Nr Nr Nr
EyjaUscatannr-ps(0)] = <o | Y 1hel* +20ha]Q) Rl + D Il | |2
T =1 =2 =2 1'—2
£t
1 Nr 2 Ny
=+ | (Z rmw) + (1= @) In)* + 2k | Y [he][©2 - ©7]
T t=1 =2
and hence by averaging ovarwe obtain,
(| | 2 S
E[Tscaiarm-psk(h)] = Q°Tegravet (1 — 92)TT + N—TEHMH Z E[|h][ — Q7).
t=2

where we recall thal'ecTave iS the average effective channel gain for the case of pefésatback. Noting that
E[||h]]*] = Ny and E[|h|] = /7/2 for all t completes the proof. [ |
As expected, sinc€ = sinc(M~!) — 1 as M — oo the average effective channel gain of the scalar quardizati
system approaches that of the ideal unquantized EGT systevh & oo. By noting thatlog(1 + I'scajarvs-psk(h))
is concave and applying Jensen’s inequality gives thewiatig corollary.

Corollary 1: The capacityC' of an Ny x 1 wireless system employing scalar PSK-SVQ of/drary PSK-based

beamforming codebook with antenna selection at the rec&ve

FE
C <log, <1 + FIPScaIarM—PSK,ave>
0

WhereFS(:.’:lIarM—PSK,aveiS giVen by (13)'

VIl. SIMULATION RESULTS

In this section we perform Monte Carlo simulations to examihe average effective channel gain, bit error
rate and the number of codeword metric calculations reduive the QAM-based codebooks using the proposed
optimal, suboptimal and scalar quantization codebookckealgorithms given in Section V.

We compare the QAM and PSK based codebooks with codebookeafame size, namely RVQ [8] and with
the numerically determined codebooks in [3, 19, 20], whiah available for smallV; and codebook siz&/, and
can be considered near-optimal. For RVQ, the codewords arh ehosen independently and isotropically from
the feasible set of MRT or EGT beamforming vectors. We alseraxye over the RVQ codebooks. The receiver

employs MRC.
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For the suboptimal QAM-SVQ algorithm of Section V-C2 we uUse- 4 different line searches: for square QAM
constellations the line searches are separateg-bsadians, whereas for the rectangular 8-QAM constellatien t
line searches are separated by

Experiment 1:in Figure 3, we show the average effective channel ajg 2 E[I'(H)], (where the expectation
is overH) as a function oflog, M, the number of bits for the respective QAM constellatiorot®lare shown for
a system withNp = 2 receive antennas amdly = 2,4, 8 transmit antennas. As an upper bound, the performance
of unquantized MRT is also plotted. For the codebook sedhehthree QAM algorithms in Section V are used for
the QAM-based codebooks, while an exhaustive search isayegbifor the unstructured codebooks. Note that no
plots are shown for RVQ systems fav; = 8 when usinglog, M = 3,4 as in excess o8 x 10° codewords are
required and this is computationally infeasible.

We see that the performance of the QAM codebooks using thmapand suboptimal quantization algorithms
are nearly identical, and the performance is comparableabdbtained by the unstructured codebooks (both RVQ
and numerically optimized). Also, the performance apphescunquantized MRT a8/ — oo, as explained in
Section IlI-A. Note that the performance of the scalar gizatibn technique for the QAM codebooks is clearly
inferior to the other schemes but does approach the perfarenaf angular quantization as the number of feedback
bits per antenna increases.

The figure also indicates that from a practical point of viewauld be preferable to choose the QAM codebooks
with B bits over an RVQ codebook of the same size, even though RV®yimmatotically optimal for largeV, Np
[9, 10]. This is because we see that for smgll the performance of the QAM codebooks is superior to RVQ (e.g.
for logy M = 1, QAM collapses to BPSK which is optimal for the case whate = N as the codebook vectors
are orthogonal), while folNy > 8 RVQ is computationally infeasible.

Experiment 2in Figure 4, we show the average effective channel gain asdai@in oflog, M for PSK codebooks.
Plots are shown for a system witNz = 1 receive antennas aniy = 2,4,8 transmit antennas. We plot the
performance for both optimal and scalar PSK-SVQ, where tiedas PSK-SVQ curves coincide with (13). We
compare with RVQ codebooks where the codewords are eaclerhindependently and isotropically, and average
over the RVQ codebooks. We also compare with numericallyvedrcodebooks obtained using the Lloyd-Max
algorithm based codebooks [6]. The performance of unquedhtEGT is also plotted.

We see that the performance of the PSK codebooks is bettertliza of RVQ, and choosintpbg, M > 3 is
sufficient to achieve performance close to perfect feedbglok average effective channel gain of scalar PSK-SVQ
matches the analytical result given by Lemma 3, and perfareng closely to PSK-SVQ fotog, M > 3.

Experiment 3in Figure 5, we show the bit error rate of BPSK symbol detecto the proposed QAM codebooks



Submitted to IEEE Transactions on Communications, submitted Apr. 2007, revised Aug. 2007, Jan. 2008. 19

as a function ofE, /Ny. Plots are shown fod/ = 4, 8,16 and the unquantized MRT upper bound. We see that the
performance approaches that of MRTEsincreases and that fdv/ = 16, the curve is withir).2dB of the optimal

for Ny = 2,4,8. For Ny = 8, the performance of the QAM schemes is withis,0.9,0.13 dB, for M = 4,8,16
respectively. Thus, again we see the asymptotic conveegenthe ideal performance.

Experiment 4in Figure 6 we examine the cumulative distribution funct{ord.f.) of cos? §(w, w°P!) representing
the angular distortion between the quantized and ideal firaring vectors. Plots are shown for &y = 8, Ngp = 1
system using 8-QAM codebooks along with RVQ. The codeboo&sall of size N = 223. For RVQ, the outage
probability is given in [28, Lemma 1]. We see that in this c&¢Q is superior. However, in Figure 7 we see
that this only results in an approximatelyl6dB difference between QAM-SVQ and RVQ in terms of the outage
probability of the effective channel gain {#i(h) < v}. This can be explained by first noting thats? §(w, h) is
between 0.25 and 1 if there is at least one feedback bit penaat(this can be proved using the method in the
proof of Lemma 2), Wherea$hH2 has infinite range as it is determined by a chi-square digtdb. Hence the
order of magnitude of the outage probability is approxirdate a first order by the c.d.f. dfh|*.

Experiment 5:In Figure 8, we examine the number of codeword metric calmra N required to obtain a
given average effective channel gdip, Plots are shown foN; = 4,8 with Ny = 2, for both QAM codebooks
using the optimal and suboptimal algorithms and also for R¥ihg an exhaustive search. A&~ is variable
for the suboptimal algorithm we plot the average complexiye unquantized MRT upper bound is also shown
and the number of feedback bits is also given. For the QAM tatlations, this corresponds ttf = 4, 8,16, 64.
Note that we do not consider QPSK for the suboptimal algorits the faster PSK-SVQ algorithm can be used
instead. Also, note that the curves for our proposed QAM bodks are not smooth due to the various efficiencies
we are able to achieve for the different constellations asudised in Sections V-C1 and V-C2. We also note that
suboptimal vector quantization algorithms could be agphewever these require full storage of the codebook [5,
14].

For the caseVr = 4, note that whenB = 14 feedback bits are employed we are witliini dB of the RVQ
performance and that 16384 metric calculations are regfiireRVQ, while only 113 are required for the optimal
QAM algorithm and on average 28 are required using the subapalgorithm (with M = 16). Clearly, even for
moderate numbers of antennas, there are huge complexitgtreds to be obtained by using QAM codebooks and
the proposed algorithms instead of exhaustive search itpotms

Similarly, for Ny = 8, B = 14 to be within1.2 dB of the optimal gain, 16384 metric calculations are rezplir
for RVQ, while only 8 are required by usiny = 4 QAM codebooks. Also note that near optimal performance is

obtained using 64-QAM for botth; = 4 and 8, where the respective codebook sizesNre 4 x 10° (B = 22
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bits) andN ~ 7 x 10'3 (B = 46 bits) respectively. Using such large codebooks is simplgasible for exhaustive
search based schemes.

We see that the complexity of the suboptimal QAM-SVQ alduritis a factor of~ 10 less than that of QAM-
SVQ for Ny = 4, and a factor ot~ 50 less for Ny = 8. Since suboptimal QAM-SVQ performs nearly as well as
QAM-SVQ, it is an even more attractive choice for implemdiota Finally, we again note that the performance of
the scalar quantization technique for the QAM codebookseiarly inferior to the other schemes but does approach

the performance of angular quantization as the number albi@ek bits per antenna increases.

VIIl. CONCLUSION

In this paper we have proposed schemes for codebook cotistruend searching which deliver near-ideal
performance for limited-rate feedback MIMO systems. Weehsltown that structured codebooks based on QAM
and PSK sequences perform comparably to the unstructuneldmaand numerically derived codebooks, in terms
of both average SNR, bit error rate and outage probabilikiniy advantage of the structure of QAM and PSK
sequences, we show that these codebooks can be searchexpiinzad manner with complexity orders of magnitude
smaller than an exhaustive search. Furthermore, by usaguboptimal algorithm of [18], very fine quantization
can be achieved with very low computational expense. We slage/n analytically that the proposed codebooks and
algorithm combinations obtain the full-diversity ordendahave provided a tight lower bound on the performance

of the PSK codebooks.

ACKNOWLEDGMENT

The authors would like to thank the anonymous reviewersHeir tsuggestions which have improved the paper.

REFERENCES

[1] D. J. Love, R. W. Heath, Jr., W. Santipach, and M. L. Horfi¢/hat is the value of limited feedback for MIMO channels’ZEE J.
Sel. Areas Communvol. 42, no. 10, pp. 54-59, Oct. 2004.

[2] T. K. Y. Lo, “Maximum ratio transmission,IEEE Trans. Communvol. 47, no. 7, pp. 1456-1467, Jul. 1999.

[3] D.J. Love and R. W. Heath, Jr., “Grassmannian beamfognfiim multiple-input multiple-output wireless systemsglv49, no. 10, pp.
2735-2745, Oct. 2003.

[4] ——, “Equal gain transmission in multiple-input multgsloutput wireless systemdEEE Trans. Communvol. 51, no. 7, pp. 1102—
1110, Jul. 2003.

[5] J. C. Roh and B. D. Rao, “Vector quantization techniques Mmultiple-antenna channel information feedback,” Rroc.
International Conference on Signal Processing and Comaoatioins (SPCOM)Bangalore, India, Dec. 2004. [Online]. Available:

http://dsp.ucsd.edu/"roh/publication/spcom04.pdf



Submitted to IEEE Transactions on Communications, submitted Apr. 2007, revised Aug. 2007, Jan. 2008. 21

[6] C. R. Murthy and B. D. Rao, “A vector quantization basegmach for equal gain transmission,” Rroc. IEEE Global Commun.
Conf. (GLOBECOM)St. Louis, MO, USA, Nov. 2005, pp. 2528-2533.
[7] P. Xia, S. Zhou, and G. B. Giannakis, “Achieving the Welsbund with difference sets[EEE Trans. Inform. Theoryvol. 51, pp.
1900-1907, May 2005.
[8] W. Santipach and M. L. Honig, “Signature optimizationr f@DMA with limited feedback,”|lEEE Trans. Inform. Theotyvol. 51,
no. 10, pp. 3475-3492, Oct. 2005.
[9] ——, “Capacity of a multi-antenna fading channel with aaqtized precoding matrix,” submitted tBEE Trans. Inform. TheoryDec.
2006.
[10] W. Dai, Y. Liu, and B. Rider, “Quantization bounds on Gsaann manifolds and applications to MIMO communicatiossghmitted
to IEEE Transactions on Information Thegrgubmitted Aug. 2005. [Online]. Available: http://andwg/abs/cs.IT/0603039.
[11] K. K. Mukkavilli, A. Sabharwal, E. Erkip, and B. AazhantOn beamforming with finite rate feedback in multiple antarsystems,”
IEEE Trans. Inform. Theoryol. 49, no. 10, pp. 2562-2579, Oct. 2003.
[12] K. Huang, B. Mondal, R. W. Heath Jr., and J. G. Andrewsdfégt of feedback delay on multi-antenna limited feedbamkt&émporally-
correlated channels,” iRroc. IEEE Global Commun. Conf. (GLOBECOMjan Francisco, CA, USA, Nov. 2006.
[13] R. M. Gray and D. L. Neuhoff, “Quantization/|EEE Trans. Inform. Theorwol. 44, no. 6, pp. 2325-2383, Oct. 1998.
[14] A. Gersho and R. M. Gray/ector Quantization and Signal CompressiorKluwer Acad. Publ., 1992.
[15] D. J. Ryan, I. B. Collings, and I. V. L. Clarkson, “Maximulikelihood noncoherent lattice decoding of QAM,” Proc. IEEE Int.
Conf. on Audio, Speech and Signal Process. (ICAS8®) IV, Toulouse, France, May 2006, pp. 189-192.
[16] K. M. Mackenthun Jr., “A fast algorithm for multiple-sybol differential detection of MPSK,JEEE Trans. Communyvol. 42, pp.
1471-1474, Feb./Mar./Apr. 1994,
[17] W. Sweldens, “Fast block noncoherent decodingEE Comms. Lettersvol. 5, no. 4, pp. 132-134, Apr. 2001.
[18] D. J. Ryan, I. B. Collings, and I. V. L. Clarkson, “GLRTptimal noncoherent lattice decodindEEE Trans. Signal Processvol. 55,
no. 7, pp. 3773-3786, Jul. 2007.
[19] D. J. Love. (2003, Nov) Grassmanniain subspace pacKidgline]. Available: http://dynamo.ecn.purdue.ediiéige/grass.html
[20] P. Xia. (2005, Jan.) Codebook constructions using the loyd.  algorithm. [Online]. Available:
http://www.ece.umn.edu/users/pfxia/codebook/lloyd
[21] D.J. Ryan, I. V. L. Clarkson, and I. B. Collings, “Blincetection of PAM and QAM in fading channeldEEE Trans. Inform. Theory
vol. 52, no. 3, pp. 1197-1206, Mar. 2006.
[22] D. J. Love and R. W. Heath, Jr., “Necessary and sufficbemiditions for full diversity order in correlated Rayleifdding beamforming
and combining systems|EEE Trans. Wireless Communol. 4, no. 1, pp. 20-23, Jan. 2005.
[23] N. Jindal, “Mimo broadcast channels with finite-ratedback,”|[EEE Trans. Inform. Theoryvol. 52, no. 11, pp. 5045-5060, Nov.
2006.
[24] D. Warrier and U. Madhow, “Spectrally efficient noncotet communication,JEEE Trans. Inform. Theoryol. 48, no. 3, pp. 652-668,
Mar. 2002.
[25] H. L. Van TreesDetection, Estimation, and Modulation Theory: Part IJohn Wiley & Sons, 1968.
[26] D. Divsalar and M. K. Simon, “Multiple-symbol differé¢ial detection of MPSK,IEEE Trans. Communvol. 38, no. 3, pp. 300-308,
Mar 1990.
[27] I. Motedayen-Aval and A. Anastasopoulos, “Polynordamplexity noncoherent symbol-by-symbol detection wéthplication to

adaptive iterative decoding of turbo-like codediFEE Trans. Communvol. 51, no. 2, pp. 197-207, Feb. 2003.



Submitted to IEEE Transactions on Communications, submitted Apr. 2007, revised Aug. 2007, Jan. 2008. 22

[28] C. K. A. Yeung and D. J. Love, “On the performance of ramdeector quantization limited feedback beamforming in a ®IS§ystem,”

IEEE Trans. Wireless Commurvol. 6, no. 2, pp. 458462, Feb. 2007.



Submitted to IEEE Transactions on Communications, submitted Apr. 2007, revised Aug. 2007, Jan. 2008. 23

1 | begin

2 wOPt:= dominant right singular vector df;
3 if QAM and M > 4;

4 w = QAM-SVQ(w°) ;

5 Rotate-To-First-Quadrafw)

10 return bits := QAM-to-Bits(w);

6 else if PSKor ( QAM and M =4)
7 w = PSK-SVQw°") ;

8 Rotate-To-Real-Axigw)

10 return bits := PSK-to-Bit§w);

9 end if;

TABLE |

ALGORITHM FOR FASTQAM CODEBOOK SEARCH
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Fig. 1. Visual representation of optimal reduced search algorithmN = 3 codebook search for (d)6-ary square QAM

and for (b) 8-ary PSK codebooks. Each polygonal region onpthecorresponds to the values gfe C which produce the

same codeword estimate. Due to properties of the congbeljahe optimal search is reduced to (a) the shaded region fo

QAM-SVQ; and (b) the emboldened arc for PSK-SVQ.
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Imag{p™}

(a) Suboptimal and Scalar QAM-SVQ
Fig. 2. Visual representation of suboptimal and scalar QAM-SVQueed search algorithms fa¥ = 3 codebook search for
a 16-ary square QAM codebook. Suboptimal approaches reducsetireh region to the emboldened lines indicating multiple

‘line-searches’ for suboptimal QAM-SVQ; and a single pdidénoted here as a star) for scalar QAM-SVQ.
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Fig. 3. Plot of average effective channel gdig. for QAM codebooks as a function of the number of bits per QANMhbyI.
Plots are shown foN; = 2,4, 8 transmit antennas wittvz = 1 receive antennas. The effective channel gains for RvQ and

some numerically found codebooks for quantized maximuio teansmission are also shown.
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Fig. 4. Plot of average effective channel gdi. for PSK, RVQ and Lloyd-Max based codebooks for quantized EGT

a function of number of bits per PSK symbols. Plots are shownNr = 2,4, 8 transmit antennas wittNg = 1 receive

antennas.
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Fig. 5. Plot of BPSK BER using QAM beamforming codebooks as a fumctb FE, /Ny. Plots are shown foN; = 2,4, 8

transmit antennas wittvr = 2 receive antennas.
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Fig. 6. Plots of the c.d.f. Rros? 6(w, woP') < «) for an 8-ary QAM codebook using the proposed search stegeifi Section
V compared to RVQ. Plots are shown fof, = 8 transmit antennas witvy = 1 receive antenna.
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Fig. 7. Plots of the resulting outage probability(Pfh) < ~) for the same scenario as Figure 6.
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Fig. 8. Plot of number of metric calculationS for QAM and RVQ codebooks as a function of the average effeahannel

gain 'y Plots are shown folNy = 4, 8 transmit antennas wittVy = 2 receive antennas.



