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Abstract

This paper considers the analysis of optimum combiningesystin the presence of both co-channel
interference and thermal noise. We address the cases witleee the desired-user or the interferers
undergo Rician fading. Exact expressions are derived ®mtbment generating function of the SINR
which apply for arbitrary numbers of antennas and interferBased on these, we obtain expressions
for the symbol error probability with\/-PSK. For the case where the desired-user undergoes Rician
fading, we also derive exact closed-form expressions femtioments of the SINR. We show that these
moments are directly related to the corresponding momenasRayleigh system via a simple scaling
parameter, which is investigated in detail. Numerical ltssare presented to validate the analysis, and

to examine the impact of Rician fading on performance.
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I. INTRODUCTION

Adaptive antenna arrays with linear diversity combiningyide an effective means of increas-
ing the performance of wireless communications systemgh®fvarious combining strategies
which have been proposed, optimum combining (OC) [1] is thestrreffective solution for
multi-user systems which operate in the presence of botbheonel interference and thermal
noise. These systems are designed to exploit channel kdge/lat the receiver to maximize the

signal-to-interference-plus-noise ratio (SINR) for gvehannel use.

For OC systems where both the desired-user and interfeagmelis undergo Rayleigh fading,
the performance has been well-studied [2—16]; with reswdtg available for the symbol (and bit)
error probability, the SINR distribution, and the outagehlability. In practical scenarios however,
the channels often include line-of-sight (LoS) paths, irichitase Rician fading is appropriate.
Prominent examples supported by physical measuremertisidan microcellular mobile and
indoor radio applications [17]. Rician paths are also elgmdo arise in ad-hoc networking
applications (especially for dense networks), which ameetly receiving considerable interest.

However, despite their practical significance, and in asitto the Rayleigh fading case, there
are currently very few OC performance results which applyRaian fading, and none which
consider error probability. The few results which do apply these channels are presented in
[14,17-19], all of which focus on characterizing the SINRability density function (p.d.f.)
or outage probability, and restrict attention to interfee-limited scenarios. For these scenarios,
the thermal noise is neglected, and the number of intedaserestricted to be greater than or
equal to the number of antenna elements. This simplifiesiiag/sis since the resulting signal-
to-interference-ratio (SIR) follows a noncentral multiegée F' distribution, thereby allowing
classical multivariate statistics results from [20] to beectly leveraged.

In this paper we analyze the error probability of OC systemRician fading. We consider the
general practical scenario where the received signalsudnjed to both co-channel interference
and thermal noise. Our results allow for arbitrary numbdrgterferers and receive antennas.
We consider two particular cases: one where the desiradisisabject to Rician fading and the
interferers undergo Rayleigh fading (denoted Rician-Bigyl); and one where the desired user is
subject to Rayleigh fading and the interferers undergoaRi¢ading (denoted Rayleigh-Rician).

The analysis differs significantly from the interferenge#ted cases in [14, 17-19], since existing
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results from classical multivariate statistics cannot leatly applied.

We make the following key contributions:

« A new accurate approximation is presented for the symbair ggrobability (SEP) of OC
with coherent)/-PSK modulation. This approximation is a closed-form egpi@n in terms
of the moment generating function (m.g.f.) of the SINR.

« Exact expressions are derived for the m.g.f. of the SINR cfdRi-Rayleigh and Rayleigh-
Rician OC systems. These expressions apply for arbitrangbeus of antennas and inter-
ferers, and permit fast efficient evaluation of the exact approximate SEP.

« Exact closed-form expressions are presented for the maenwnthe SINR for the case
of Rician-Rayleigh fading. Remarkably, we find that all oEtmoments in this case are
directly related to the corresponding moments of a Rayllghleigh system via a simple
scaling parameter; which we investigate in detail.

« New simple closed-form expressions are given for the SINB.fmand moments for the
special case of Rayleigh-Rayleigh fading.

Numerical results are presented to validate the analysti@examine the impact of Rician
fading on performance. These show that for the Rician-Rglylease, the performance improves
as the Rician fading becomes more dominant, whereas for alyéeigh-Rician case the Rician
component may improve or degrade performance, dependirteogeometry of the interferer

Rician paths.

[I. SYSTEM DESCRIPTION

We consider a multi-user system where the receiver of istengtimally-combines the output
from N, receive antennas. The desired signal is corruptedvbinterferers and thermal noise.
After matched filtering and sampling at the symbol rate, theyaoutput vector at timé can
be written as [7]:

z(k) = \/ Epcpbo(k) + zin(k) 1)
with the interference plus noise term

zn(k) = 3 v/ Ereiibi(k) + (k). 2)

where Ep and E; are the mean (over fading) energies of the desired and éniegf signals, re-

spectively;cp = [cp 1, ..., cony )T @andey; = [cij1, -, a1 jn,]T are the desired and? interference
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normalized propagation vectors, respectivélyk) andb; (k) are the desired and interfering data
samples, respectively, and k) represents the additive noise.

We modelcp andc, ; as uncorrelated complex Gaussian vectors with possiblyzeom means
(in particular we are interested in Rician fading in this @gpb;(k) are modeled as uncorrelated
zero-mean random variables; and without loss of generality) andb; (k) are assumed to have
unit variance. The additive noise is modeled as a zero-méate aussian random vector with
E [n(k)nf(k)] = Noly,.

Note that here we make the common assumption (eg. as in [I3],lamong others) that
the interferers have equal-power. For the special case yielRga fading, the performance with
unequal-power interferers has been investigated in [I&}ever for Rician fading it still remains
an open problem.

The SINR at the output of the OC is given by [1]

v = EpchR™'ep, 3)
where R denotes the short-term covariance matrixzgf(k), conditioned on all interference
propagation vectors, as follows

R = NIy, + EiC/C/ (4)

whereC, = [¢|1, ¢ 2, ..., ¢ ). It is important to remark thaR and, consequently, vary at

the fading rate, which is assumed to be much slower than timbalyrate.

[1l. SymBOL ERROR PROBABILITY

In this paper we employ moment generating function (m.pd9ed approaches to derive new
exact and approximate symbol error probability expressiion OC systems in Rician fading.
Note that m.g.f.-based techniques have also been preyiaast for the analysis of OC systems

in Rayleigh fading (eg. see [6, 11]).

A. Exact SEP

Here we present expressions faf-PSK. Similar expressions can be generatedMeQAM.

Using a standard approach [21], the SEP with cohelérPSK can be expressed as

p=1 /09 M, (—2 g (5)

T sin? 6
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where© = 7(M — 1)/M, cypsk = sin®(w/M), and M, (-) is the moment generating function
(m.g.f.) of the SINR~y given by

M,(s) =E, [e"] . (6)

Note that for OC, from (3), the expectation in (6) involve®iaging over both the distribution

of the user channel vectet, and the interference channel mat@x.

B. Approximate SEP

Here we present a new approximation to (5) which does notineguotegration overl. We
start by using (5) and (6) to write

1 [2 CMPSKY 1 / © CMPSKY
— — do + — — do| . 7
7T/0 P < sin? 6 ) * T )z P ( sin? 6 ) (7)

Now, using [22, eq. (3)] and [22, eq. (14)] we can approxinthteleft-hand integral as

P, =E,

1 [2 CMPSK7> I _ L 4 3
- e _ df ~ —e~MPSKY | —p cMPsKY/ ) 8
T /0 P ( sin? 12 4 ®

The right-hand integral can also be well approximated byaiea of a trapezoid with parallel
sides of lengthe—veskr and e~cwes/sin*(©) and height® — 1/2; i.e.

1 [° 1 .
_/ exp <—CMPSK7) df ~ — <€_CMPSK“/ + e—ompsky/ sin® ®> (O —7/2) . (9)

T Jr/2 sin? 4 2m

Now substituting (9) and (8) into (7), we obtain the appraienSEP expression

e 1 1 dempsk © 1 CMPSK
P@”(%—B)M”‘CMF’SK”ZM*(‘ 3 )+(%_Z)M”<_ﬁ>' (10)

Our numerical results will show that this approximation cs@rate.

Note that both the exact SEP (5) and the approximate SEP €Miire the m.g.f. of the
SINR ~. Although not shown, the same is true fof-QAM. This m.g.f. has been evaluated for
Rayleigh fading scenarios [15], and in the following semtiove evaluate it for more general

practical cases including Rician fading.
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IV. SINR RESULTS FORRICIAN-RAYLEIGH FADING

This section considers the case where the desired usenal sgysubject to Rician fading and
the interferers are subject to Rayleigh fading. For exampis models a microcellular mobile
system where the desired-user typically has LoS, but thefaerers from neighboring cells do

not. In this case, the desired-user channel veegois distributed according to

cp ~ CNn, 1 (Vam,bly,) (11)

wherem is the channel mean vector, satisfyiha||> = Na, anda andb are arbitrary coefficients

used for power normalization purposes. The interfereneaméls are distributed according to

Ci~CNnyn, Oy xng, In, ®1Iy,) . (12)

A. SINR MGEF for Rician-Rayleigh Fading

The following theorem applies for arbitrary numbers of ifgeers and antennas, and arbitrary
signal, interferer, and noise powers.
Theorem 1:The SINR m.g.f. of an optimum combining system with Riciacldéd users and

Rayleigh-faded interferers is given by

lel"l

=K Z 1) det (X,) Br(s) (13)

where

(=)™ (No/EV)T
FNmin (Nmin) 1—‘]\fmin (Nmax)
where Npin = min(Na, N}), Nmax = max(Na, N}), 7 = Na — Nmin, andT.(+) is the normalized

K, = (14)

complex multivariate gamma functibgiven by

Nmin
T Nowo(Nima) = [ [ T(Nmax — i+ 1) . (15)
Also, i (+) is defined as
Bu(s) & / TR (N By 4 1) e (s, 2)de — 3 Gk + Dhuls, 0) (16)
0

t=1

INote that this is related to the standard complex multitargamma functiorf‘N(M) (as defined in [20]) vid'n (M) =
ﬂ_fN(Nfl)/2 fN(M)
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G(k) 2 (Ng/E) (N +t —E) + (Ny +t —k+1)! (a7)

1F1 (t; Na; ahas )

2E/Ep+No/Ep—bs

(bSED/E| - NQ/E| - {lj')t

h(s,z) = (18)

where, F(+) is the scalar confluent hypergeometric function, adcorresponds to th&/, x

Nmin Hankel matrixX with elements

{X}i,j:CNA(i+j)7 iajzla"-aNmin (19)

but with the first column and@™ row removed.

Proof: See Appendix A. [ |

We can see that the SINR m.g.f. depends on the Rician chawmgbanent only via the
power scaling parametersandb, and is independent of the mean vectar This reveals that
the structure oin has no impact on the statistics of the SINR, and therefore doé effect the
system performance.

Note that (13)—(19) contains only standard functions, dedefore)/, (s) can be easily and
efficiently evaluated numerically with software packageshsas Maple and Mathematica (note
that the hypergeometric function can be expressed as a §uite involving only exponential

and polynomial terms).

B. Special Case: Rayleigh-Rayleigh Fading

We now show how the general result of Theorem 1 simplifiesHerspecial case of Rayleigh-
Rayleigh fading. To the best of our knowledge, this resuhasv.
Corollary 1: For Rayleigh-Rayleigh fading, the SINR m.g.f. (13) redutes

Nmin
M, (s) = K1 ) _(=1)* det (Xy) B —(s) (20)
k=1
where
_ (=) (No/ By
Kl B 1—‘Nmin(]\fmin) IWNmm(]Vmax) (21)
Bi(s) = he(s)No/Ey 4 hiy1,7(5) (22)
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hu(s) = (t+7)!R(s) eCI0(=(t + 7)., K(s)) (23)

K(S) e N(]/E| — SED/E| s (24)

wherel'(-, -) is the incomplete gamma function, adq, is defined as in Theorem 1.
Proof: We first seta = 0 andb = 1 in Theorem 1; then evaluate the remaining integrals in
closed-form using [15, eq. 16]; and finally perform simphtions using [23, eq. 6.5.19]. &
Note that an alternative m.g.f. expression has also beewmedefor this Rayleigh-Rayleigh
scenario in [15]. The result above, however, is simpler agile to handle since it contains only
simple scalar function of, whereas the result from [15] involved more complicatecedatnant

functions ofs.

C. Moments of the SINR for Rician-Rayleigh Fading

The following theorem presents a closed-form expressiorthie moments of the SINR.
Theorem 2:The /" moment of the SINR of an OC system with Rician-faded users and

Rayleigh-faded interferers is given by

,UgRIC Ray _ OzRIC M?ay Ray (25)

where ;5" is the /" moment for an OC Rayleigh-Rayleigh system= 0,b = 1), given by

len

YRy = K Z 1)*det (X,) & (26)
where

&, = 0/(Ep/ Ey)teMNo/E i (N' t_ k) (=No/EYNTFT(t — 04+ 1, No/ )

t=0

+ (Ep/No)" > Gk + 1) (t)e(—Ei /No)! (27)

t=1

and K3, Xy, and(,(-) are defined as in Theorem 1. Alsg R'C is a constant given by

Z ( ) aNA/b> 28)

and (Na)x = Na(Na +1)---(Na + k — 1) is the Pochhammer symbol.

Proof: See Appendix B. [ |
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Given the intricacies of the derivation @f,(s) in the proof of Theorem 1, it is remarkable
to see that such a simple relationship exists betwegh ™ and 15 "®. To highlight the
implications of this relationship, we now make the follogimemarks. Let us consider the
common power normalization model wiith = K/(K + 1) andb = 1/(K + 1), where K

is the RicianK-factor.
Remark 1:The Rician component haw effect on the average SINBincea* = 1.

Remark 2:The second moment of the SINR decreases monotonically aiiRiciank -factor

according to

K \* 1

Ric-Ray Ray-Ray

=(1- . 29
Ha < <K+1) NA+1>’“‘2 (29)

Combined with Remark 1, this also shows that the variancke@BSINR decreases monotonically
with the RicianK-factor.

Remark 3:The ratio of SINR momentse = ;°"%/;,XR% dependsonly on the Riciank -

factor and the number of antenn&g, for all /; and is independent of the number of interferers
N, the SNREp /Ny, and the (normalized) signal-to-interference ratio (SHR)JNo.

Remark 4:For fixed numbers of interfererd, and antennasVa, the SINR moments are

bounded as a function of the Rician-factor by

/-1
H NA : M?ay-Ray S Iu?ic-Ray S MéRay-Ray’ (30)
ONA+Z

for all ¢, where the left-hand equality is approachedias— oo (i.e. when the desired user’s

channel becomes nonfading), and the right-hand equalityeiswhenk — 0.

Remark 5:The SINRdistributionsfor Rician-Rayleigh and Rayleigh-Rayleigh optimum com-

bining systems are asymptotically equal’és — oo. This can be proved from (28) by showing
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that all of the moments are asymptotically equal as follows:

Ric- Ray/ Ray-Ray Ric

lim g, = hm oy
Np—o0 —00

- bfké (i) (a/b)" Jim (%ﬁ) (Nj\vi 1) (ﬁ)
¢

— > (i) (a/b)*

1 (31)

for all 7.

Remark 6:For large N, the Rayleigh-Rayleigh SINR moments satisfy

: E ‘
T = ( N (Na— N.)) + 0N (32)

which is obtained by takingvVa large in (26) and applying the following determinant idgnt
for Hankel matricesdet ({(Nmax+ Nmin — )'}fvjminl) = T'n... (Nmin) T (Nmax) - This shows
that as the number of antennas grow, the Rayleigh-Raylgijmam combining system behaves
like a nonfading AWGN system (with channel gaiy — V). Combining this with Remark 4

above, we also make the same conclusion for Rician-Raylkgygtems.

V. SINR RESULTS FORRAYLEIGH-RICIAN FADING

We now turn attention to the case where the desired-usgrsbkis subject to Rayleigh fading,
and one or more of the interfering signals are subject toaRiéding (and the rest are Rayleigh
fading). This situation applies to any multi-user or ad-hetworking scenario when the desired
user is Rayleigh. For example, this can be when they are ¢an fihe receiver. The model
allows for some of the interferers to have LoS, but not nerdgsall of the interferers, which
is envisaged to be a fairly common scenario in practice.

In this case, the user channel vectgris distributed according to
cp ~ CNy, 1 (Onyx1,In,) - (33)
The interference channels are distributed according to

Ci ~CNy, N, (\/5M> by, ® IN|) (34)
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10

wherea and b are arbitrary coefficients, anW is an arbitrary deterministic matrix (possibly
with zero-valued columns, allowing for any number of theeifgrers to be Rician), normalized
such that t{tMM') = NaN,. It is important to note that we place no restrictions on tinecsure

of M, other than a power normalization.

A. SINR MGF for Rayleigh-Rician Fading

Theorem 3:The SINR m.g.f. of an optimum combining system with Raylefigled users
and Rician-faded interferers is given by

My (5) = Ko Als) D (1) det (Y,) au(s) (35)

where K, and A(-) are given by

K o (36)
2 = PR
[ N2 (Nimin = L) Ty £.(Nemax— L)Vi(©) [Ty 2™ F

and

A(s) £ (1- SED/NO)_T ) (37)
respectivelyy = Nmax — Nmin, andf; > 6, > ... > 0, are the non-zero eigenvalues of
a
0= gMMT . (38)

The functionV/(-) is a Vandermonde determinant in tihenon-zeroeigenvalues of the matrix
argument, given by

L

Vi(©) = [T(6:—0;) = et ({07 7},), (39)
1<j
and g (-) is defined as
[ lo) e T 2V0D) gy k=1...L
on(s) 2 1= smwtNg (40)

thax—k'i'LO(S) + (biEOl) thax—k,O(S)7 k = L + 17 R Nmin

2For notational convenience, we will sometimes give a setlate of a matrix in the argument &fz(-), as a shorthand.
Specifically, for the setd, we useVz(A) as shorthand fobz (diag(.A)).

DRAFT Submitted September 15, 2006; Revised May 3, 2007



11

where I5(-) is the modified Bessel function of the first kind, ahg(-) is defined as in (23).

Also, Y, corresponds to thé/n,in x Nmin matrix Y with elements

gNmax—j-i-l(ei) + <bLEOI) gNmax—j(ei) 1= ]-7 cee L7 ] = ]-7 ERI) Nmin

Cli+j—1)+ <b%0.) Cli+j), i=L+1,...,Nmn j=1.., Nain
where
t—0
t—9 or
) A el :
C(t) 2 (Na+ N 1), (43)
but with the first column and@™ row removed.
Proof: See Appendix C. [ |

It is important to emphasize that, as with the previous thes;, the m.g.f. in (35) involves
only simple scalar functions of, and that it contains only standard functions and can bedyeasi
and efficiently evaluated numerically.

Note also that the SINR moments for this Rayleigh-Riciannade can be obtained via
differentiation of (35). In contrast to the Rician-Rayleigmnoments given in the previous section,
however, these moments only admit an integral or infinitéesesolution - thus we omit the
analysis here. Finally, we mention that for the case 0 andb = 1, the m.g.f. in (35) can be

easily shown to reduce to the Rayleigh-Rayleigh m.g.f. gméed in Section IV-B.

VI. NUMERICAL RESULTS

We now validate the preceding theoretical analysis and aarthe effect of the various
system/channel parameters. Throughout this section weed8liR= Ep/(NV,E;), and SNR=
Ep/Ny. We also assume the common Rician fading power normalizagicategy, witha =
K/(K+1)andb=1/(K + 1), whereK corresponds to the Riciaf -factor.

A. Rician-Rayleigh Fading

Recall that in this case we have shown that the specific chafia& has no effect on the
system performance, and as such, for all simulation repudtsented in this subsection, the mean

vectorm was randomly-generated.
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12

Fig. 1 shows analytical and Monte-Carlo simulated SEP cufee a Rician-Rayleigh OC
system, comparing BPSK artiPSK modulation, and differend,. The “Analytical (Exact)”
curves were generated by combining (13) and (5), and thel§#inal (Approx)” curves were
generated by combining (13) and (10). We see that in all cse=$Analytical (Exact)” SEP
curves match precisely with the simulated curves, and that‘Analytical (Approx)” curves
are accurate. For both modulation schemes, we also obdatveart error floor exists when the
number of interferers exceeds the number of degrees ofdneed the array (i.eNa — 1), which
aligns with well-established results for Rayleigh-Raglesystems (see, e.g., [7]).

Fig. 2 shows the analytical and Monte-Carlo simulated SEResufor a system with SIR- 0
dB and SIR= 10 dB, and for different Riciank-factors. Again, we see that in all cases
the “Analytical (Exact)” curves match precisely with thensilated curves, and the “Analytical
(Approx)” curves are accurate. For both SIRs, we also olesémat the SEP improves with
increasingK. The relative improvement is most significant for the higBé&Rr.

Fig. 3 further investigates the impact of the Rici&nfactor on the SEP performance, com-
paring systems withVy = 2 and Ny = 3, for a range of SIRs. The curves were generated
based on the exact analytical SEP results, obtained by comgb(13) and (5). Note that each
curve essentially shows how the SEP performance varieseadetsired-user channel undergoes
a transition from Rayleigh fadingi{ = 0) to a deterministic nonfading channédl’ (— ~c). We
see that, in all cases, the SEP decreases monotonicallyAyitdnd the rate of decrease is most
significant for low K values (e.g< 5). We also see thak” has the most impact for high SIRs
(as suggested from Fig. 2) and that the relative effecf{oppears to be independent of the
number of antennas.

Fig. 4 shows analytical and Monte-Carlo simulated curvesife second moment of the SINR
as a function ofi’; comparing differentV,. The “Analytical” curves were generated using (25).
In all cases we see a precise agreement between the analgssgnaulations. Also, as predicted
from Section IV-C (see Remarks 2 and 4), we see that for allesabf/V, this moment decreases
monotonically withK; eventually converging to a deterministic constant.

Fig. 5 shows the ratio of the SINR moments of a Rician-Rayleagd Rayleigh-Rayleigh
systemaX° (defined in (28)) as a function dk, for the first, second, and third moments, and
for Na = 2, 3, and4. Recall that this ratio is independent of the SNR, SIR, aindAs suggested

in Section IV-C (see Remark 1), we see that the Ridiafiactor has no effect on the average
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SINR. We see that the second and third moments, howeveragrmonotonically with -
this is most significant for the third moment. Moreover, fbe tsecond and third moments, we
see that the effect ok becomes less significant (andf® becomes closer tb) as N, increases.

This behavior is also consistent with the analytic condasigiven in Section IV-C (Remark 5).

B. Rayleigh-Rician Fading

In the Rayleigh-Rician case the mean mafk is constructed by using the model in [24,
eg. 6] for each Rician interferer. Unless otherwise indidathroughout this section we assume
that two of the interfering users are Rician. Note that thisimply by way of example. In this
case, the mean is constructed accordindte= [a(fr,), a(fr,), On,x(n—2)], Wherea(fg,) =
[1, e2m8cosOr) ... i2rANa-D eos(r,)] s the array response vector for the Rician interferer.
This vector models the phase shift as the LoS componentrses¢he receive array, and depends
on the angle of arrival (AoAJg, and the relative antenna spaciag(in terms of the wavelength).
We chooseA = 1/2, g, = m/4, andfg, = «/5. Again, this is simply by way of example; and
different AOAs and antenna spacings could just as easilg haen considered.

Fig. 6 shows analytical and Monte-Carlo simulated SEP cufee a Rayleigh-Rician OC
system, comparing differen¥,. Note that, for the case aV, = 1, only the Rician interferer
with AoA equal tor/4 was considered. The “Analytical (Exact)” curves were gatezt by
combining (35) and (5), and the “Analytical (Approx)” cus/evere generated by combining
(35) and (10). We see that in all cases the “Analytical (EX&8EP curves match precisely with
the simulated curves, and that the “Analytical (Approx)ih@s are accurate. As expected, when
N, < N the curve does not exhibit an error floor, since there are gindegrees of freedom to
cancel all the interferers. Fig. 7 gives results for diffar8IR. Clearly the approximation holds
for a wide range of SIRs.

Fig. 8 shows the SEP as a function of the ratio between the twaaro eigenvalue$, and
6, of ©, defined in (38), for different values of the Ricidf+factor. Whend, /0, is small,® is
close to rankt, which means there is a single strong direction of interfeee As theK -factor
increases, this interference direction dominates. Gle#ne figure shows that in this case the
performance improves witti(-factor, indicating that it is easier to cancel a single dwent
interferer than it is to cancel many Rayleigh component(irse recall that we are operating

under a power normalization such that the total averagevet@ower is the same in all cases).
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The case of),/6, close to one, corresponds to having two dominant Ricianspathich are
orthogonal. Clearly this is the hardest interference cas¢he combiner to deal with. The figure
shows that in this case the performance degrades WHiactor, indicating that it is harder to

cancel these Rician paths than it is to cancel many Rayleighponents.

VIlI. CONCLUSIONS

This paper considered the analysis of Rician-Rayleigh aaygdR®yjh-Rician OC systems in the
presence of interference and noise. Exact expressions deeneed for the m.g.f. of the SINR,
which were used to examine the SEP. For the Rician-Rayleagk,exact insightful closed-form
expressions were also derived for the moments of the SINRré&ults have demonstrated that

Rician fading has a beneficial impact on the performance ofsg@€tems.

APPENDIX A

PROOF OFTHEOREM 1

Proof: We evaluate the SINR m.g.f. in two stages. We first derive thg.frwhen condi-
tioned on the interference channel gahis(equivalentlyR); then average over the interference
channel statistics.

Note that a similar approach was used in [6, 11] for the SINB.incalculation of OC systems
in Rayleigh-Rayleigh channels. The Rician-Rayleigh asialjrere however, is significantly more
complicated for two main reasons. First, with distributed according to (11), the conditional
m.g.f. corresponds to the m.g.f. of a noncentral quadraticmfin complex Gaussian random
vectors, whereas for the Rayleigh-Rayleigh case more cwentcentral quadratic form expres-
sions can be used. Second, as we will see, to calculate tlomditional Rician-Rayleigh m.g.f.,
we will need to integrate over both the distribution of thgegivalues and eigenvectors@f. For
the Rayleigh-Rayleigh case, this step is simplified by eitiplg the unitary-invariance property
of the desired-user channel vecigy.

We start our analysis by employing the general noncentraticatic form m.g.f. result from
[25, App. B], along with (3), to write

exp (—%mT <( — %) In, — %f{>_1 m)

M,(s) = Eg[M,z5(s)] = Eg — (44)
det (INA 3 (%?INA + R) )
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where
S = bSED/E| (45)

andR £ C,C/. The major challenge here is to perform the averaging ®er

A No 1-\""
Y £ ((1 - ﬁ) Iy, — gR) . (46)

SinceR andY are both Hermitian, they admit the following eigenvalue atapositions:

Let us first define

R =UzA;UL, Ay = diag(A, ..., An,), Uj € U(Na)
Y = UyA,y UL, Ay =diag(\, ..., M), Uy €U(Na) (47)
where0 = Ay, = -+ = Anpet < Angn < -, < A < co are the ordered eigenvalues Bf,

andU/(N,) is the unitary manifold consisting aVa x Na unitary matrices with real diagonal

elements. It can be easily verified from (46) that
Uy = Uj (48)

and

AY = dlag({j\l}zzl ..... NA) = dlag ({ 5 _ NO;EI -\ }'_ > . (49)

Using (46)-(48), we can write the exponential in the nunwraf (44) as follows
a
exp (—ngYm> = exp <—tr (BURAyU}z)) (50)
whereB = %mm*. The denominator determinant in (44) can also be written as

) NO N\ 5 7 Nmin 5
et (INA‘S(EINA+R) )Z(“W) (- wme) o

and thus the m.g.f. in (44) can be expressed as

where
I(A,) = /u O (~tx (BURAYUL)) [aUy) (53)
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where [dU 3] is the normalized Haar invariant probability measureivV,). To evaluate (53),
we force bothB and A ; to be full-rank by perturbing all of the zero-valued eigdnes. These
eigenvalues will subsequently be driven back to zero. Wetloan use the identity [20, eq. (89)]
and the splitting property of hypergeometric functions,[2§. (92)] to perform the integration

in (53) as follows
T(Ap) = / oFo <—BURAYU}2) AU = oFo (B, —Ay) . (54)
U(Na)

Now, noting that theV, eigenvalues oB are given by{a|m||?/b,0,...,0}, we can invoke [26,
Corr. 1] to writegF, () in a determinant form which accounts for the zero-value@miglues
of B. Then, recalling thafim||*> = Na, we perform some simplifications using (49) to obtain

T(Ny)(—5)Ma-DMa=2/2(et (G)
(aNa/b)Na=1Vy, (—Ay)

I(Ap) = (55)

whereVy, () is a Vandermonde determinant, defined in (39), @i an Na x Na matrix with

(i,7)" element given by

alNp5/b .
{G}Z_] = ( w(::A ) 17"'7NA7 ,] —1 (56)
P )\)j NA ’i:l,...,NA7 j:27---,NA

where
'LU(E, )\z) :g—)\i—No/E| . (57)

We now manipulate the Vandermonde determinant in the demadon of (55) using the identity
[27, eq. (56)], and noting that, ({c + z;}) = V,,({z;}) for any constant, which yields

['(Na) HZ L w(s, ) Ma~ldet (G)
(—aNas/b)Na=1Vy, (AR)

T(AR) = (58)

In order to avoid numerical instability for small values ©f(i.e. near-Rayleigh scenarios) and

small values ofs, we find it useful to absorb the leading factors into the deteant as follows

det (F)
TR = 7 TA 59
AR) = v () (59)
whereF has(i, j)™ element
Na—1 B
w(8,\;) __aNa5/b _ .
{F}ZJ = I'(Na) ( aNAs/b> exp ( w(&&)) , i=1,...,Na, j=1 ©0)

w(s, A~ i=1,...,Na, 7=2,...,Na
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We can simplify the elements in the first columnlofby expanding the exponential to give

- (__aNAyb)Z_A“+1

w(g’)‘i) . .
{F},, =T(Na)> i . i=1,...,Na, j=1 (61)
=0
and noting that the terms in the sum corresponding 00, ..., Na — 2 can be neglected as
they are constant multiples of elements in columins 2, ..., No. Thus we obtain
- <_aMww)[4W+1
w(§,)\i)
£=Np—1 ’
Na5/b
_lfl 1;NA7_CL 7AS/ ) izlv"'vNAv ]:1 (63)
'LU(S, )\2)
We can also simplify the elements in columps= 2,..., Na. To this end, we first remove

w(s, A;) from each row such that, from (57), the elements in columa {2,..., Na} are
polynomials (in the)\;s) of degreej — 2. We then proceed from columns= 3 to j = Na (in
order), at each stage subtracting scalar multiples of cofifm...,j — 1 to remove all lower
order polynomials terms (this has no effect on the value efdéterminant). Finally we perform

some column swaps to obtain

det (H)
I(Ag) = [ Jw(s, \) (64)
i :ZE[ VNA(AR)
whereH has(i, j)'" element
i S (65)
)\ZNA_j, ’izl,...,NA, j:2,...,NA

Recall that we must still take the limits, — 0, for ¢ = Nunin + 1,..., Na. To this end,
we can apply the general limiting result in [26, Corr. 1] tal(@nd, after lengthy algebraic
manipulations, evaluate these limits to yield

Nmin

ziag =wieo (IT5) i o

whereJ is an Npin X Nmin Matrix with elements

hi(s, M) = S 7 he(s, 0007 i=1,..., Npin, j=1
AT i=1,...,Numin, 5=2,..., Nenin

{J}i,j = (67)
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whereh,(-, ) is defined in (18). Now substituting (66) into (52), the m.dpécomes

(fﬁ (No/ Ey + m) det (J)

L(s) = (=1)"™(No/ E1)" Ea (68)

)\z— VNmin (AR)

i=1
We see that the remaining expectation is overthg, non-zeroordered eigenvalues &. These
eigenvalues have the same distribution as the orderedwailgers of a complex Wishart matrix

of dimensionNyin X Nmin, and with N,ax degrees of freedom, and thus have the following p.d.f.

Hi\imlin (e—Ai)\ﬁvmax—Nmin) vain(AR)z

A, Ang) = 69
ford( ' N ) 1—‘A]Vmin(J\fmin)l—‘]\fmin(‘]\]—max) ( )
Using (69) in (68) and noting thdty,, (Az) = det({\ ™"~ J}Nm'” ), we obtain
. len
=K, / / det({ANm=I} Nmin ) det (J Hg (70)
D

whered\ = d\; d), ... d\y,,, the multiple integral is over the domaid = {co > \; > --- >
An,, > 0}, K is defined in (14), ang()\;) = (No/Ey + \) AN Nag=ai,

The theorem now follows by applying the general integraiaentity [28, Corr. 2] to (70),
performing some subsequent simplifications to the regutlieterminant using [29, eq. 3.381.4],

and then finally applying Laplace’s expansion along the Gidtumn.

[ |
APPENDIX B
PROOF OFTHEOREM 2
Proof: The /" moment of the SINR can be evaluated from the m.g.f. in (13) via
Ric-Ra dz i k dz
pp Y = @Mv(sﬂs:o = K Z(_l) et (Xy) @ﬁk(s)}szo (71)
k=1
where
dz > N —k —x dg d

@@(5)}8:0: ; z (No/Ey + ) e d—sgh 1(s,2)],_, do — ZQ k+1) d —hu (5>0)‘s:0 :
(72)

Note that, in deriving (72) from (71) and (16), we have exdehthe/-derivative and integral

in the right-hand term. This exchange can be easily just¥iedthe Dominated Convergence
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Theorem. After some manipulations, we evaluate the déresin (72) to yield

d‘ _ _ _Ric Ep\" (= agMNi—ke—e " R EN\' [ Ep\*
@ﬁk(s)‘szo = —ag L (E) /0 mdx — ;ae G(k+1)(t), <—Fo) (Fo) :
(73)

We now evaluate the remaining integral in closed-form bylypg a simple transformation,

along with the binomial theorem, to obtain

o gNike-e N = (N =R\ [ N\ VR
_ 0/ E) | B 0 N
/0 RS Z( . )( _E|> T(t—C(+1,No/E). (74)

t=0

The proof is completed by combining (74), (73) and (71). [ |

APPENDIX C

PROOF OFTHEOREM 3

Proof: We first evaluate the m.g.f. when conditioned on the interfee channel gaing,
(equivalentlyR); then average over the interference channel statistics.

Note that the main challenge of this derivation, in compari® the Rayleigh-Rayleigh m.g.f.
derivations considered previously in [6, 11], is that itofwes eigenvalue distributions of complex
non-central Wishart matrices, rather than the more coewverentral Wishart distributions used
in [6, 11].

We start by noting that sincé, exhibits Rayleigh fading (and is thus invariant under umita
transformation), the conditional m.g.f. can be directlfemed from [7] as

Nmin -1
My r(s) = A(s) H (1 - %) (75)

where); > ... > Ay are the nonzero ordered eigenvaluesCgE;.
The main challenge is to remove the conditioning in (75). A ©nd, let us first define

x = (T1,..., 2N, ), With
r; = \i/b . (76)

Note that, withC, distributed according to (34), the;’s have the same distribution as the

ordered eigenvalues of a complex noncentral Wishart magrix W, (Nmax In,,,, ©), With
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non-centrality matrix® defined in (38). For the general case considered in this papere M

(and thus®) is allowed arbitrary-rank, this eigenvalue distributisngiven by [30]

Nmin
Fel@r o ) = Ko (H ) det ({7} ¥om, ) det (T) (77)
k=1
whereT is an Nyin X Npin matrix with (i, j)'* element
0.7-"1(5+1,9jx2-)/6!, 1=1,..., Nnin, jZl,...,L

mein_j’ i:17~~~aNmina j:L+17"‘7Nmin

(2

{T}z’,j = (78)

Thus, combining (76) and (75), and using (77), the uncoowi#i m.g.f. can be written as

M, ( / / (ﬁ gz ) det ({mem J}jvjmml> det (T) dx (79)

where the multiple integral is over the domda@h= {oco > z; > --- > xy,,, > 0}, with dx =
dxy---dxy,,, andg(-) is given by

e (z + No/(bE)))
x + K(s)

g(z) = (80)

wherex(s) is defined in (24).

At this point, we could directly simplify the multiple integ in (79) by invoking the general
integration identity [28, Corr. 2]. Sincg(-) depends ors, however, the result would involve a
determinant of a matrix with all elements as functions,oind would also require the numerical
evaluation of Vn,in x L integrals. We now show that the result can be greatly sineglifo an
expression involving only a scalar function ©{as in Theorem 1), and which only requires the
numerical evaluation of, integrals. The key step is to express the Vandermonde dietaninin

(79) as follows

Nmin

det ({7} ) = (=1)"t TT (s(s) + 1) det (A) (81)

k=1

where A is an Nyin X Npin Matrix with (i, 7)™ element

(k(s)+x)™" i=1,...,Nmin, j=1
Nmin=J t=1,...,Nmin, J=2,..., Nnin

1 )

{A}z’,j = (82)

Note that this result can be proven, starting from the riggntd side, by multiplying thé" row
of A by (k(s) + x;), and then performing some simple column operations to renhmw order

polynomial terms. Now we substitute (81) into (79), and $et the denominator factor i(-)
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cancels. We then apply the integration identity [28, Cofr.simplify the resulting determinant

using [23, eq. 9.6.47]; and perform a Laplace expansiongatha first column. This yields

Nmin

M, (s) = Ky A(s) Y (=1)+* det (Yy) ox(s) (83)

k=1

where g, (s) andY, are defined in the theorem, but with

o] xte—x
g1(0;) = (92-_5/2 /OO 202 [5(2/0;x)dx (85)
0
C(t) = / R (86)
0

The theorem now follows by evaluating the integrals in (§8%) and (86) in closed-form using
the identities [15, eq. 16], [31, eq. 3.18], and [29, eq. 3.8Brespectively.
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Fig. 1. SEP of Rician-Rayleigh OC as a function of SNR A = 3, SIR= 5 dB, andK = 1; comparison between analytical
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Fig. 2. SEP of Rician-Rayleigh OC as a function of SNR i = 4, N, = 3, and QPSK; analytical and simulation results

for different K and different SIRs.
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Fig. 7. SEP of Rayleigh-Rician OC as a function of SNR 6 = 4, N, = 2, QPSK, andK = 10; comparison between
analytical and simulation results for different SIRs.
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