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Impact of Correlation on the Capacity of Multiple
Access and Broadcast Channels with MIMO-MRC

Raymond H. Y. Louie, Student Member, IEEE, Matthew R. McKay, Member, IEEE,
and lain B. Collings, Senior Member, IEEE

Abstract—This paper investigates the capacity of multiple-
access and broadcast channels with MIMO-MRC systems in
spatially correlated environments. We present new capacity
approximations which are shown to be accurate. The approx-
imations are based on new simple expansions which we derive
for the maximum eigenvalue distribution of correlated Wishart
matrices. We then proceed to analyze the affects of correlation
and show it is beneficial for capacity. Our results are confirmed
through comparison with Monte Carlo simulations.

Index Terms—MIMO systems, correlation, capacity analysis,
Rayleigh channels, MIMO MRC.

I. INTRODUCTION

ULTIPLE-INPUT multiple-output (MIMO) antenna

systems have recently been extended to environments
with multiple terminals, each with multiple antennas. Example
application scenarios include a single basestation serving mul-
tiple terminals (i.e. subscriber units) in a cellular environment,
or a relay node serving multiple terminals (i.e. network nodes)
in an ad-hoc network. In this paper, we consider scenarios
where only one terminal is active at any one time, and
transmits/receives along a single eigenmode corresponding
to the largest singular value of their channel matrix. This
transmission approach is commonly referred to as MIMO
maximum ratio combining (MRC). The motivation is that in
the low signal to noise ratio (SNR) regime, MIMO-MRC to
a single terminal is the capacity achieving access scheme [1,
2].

MIMO-MRC has been studied in the single terminal case
in uncorrelated [3,4] and semi-correlated Rayleigh chan-
nels [5] (i.e. channels with transmit or receive correlation,
but not both). Recently, double-correlated Rayleigh channels
have been considered by deriving the eigenvalue statistics of
double-correlated Wishart matrices [6]. In the absence of chan-
nel knowledge or its statistics at the transmitter, correlation can
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be shown to decrease capacity [7—10]. We will show that for
MIMO-MRC with multiple terminals and channel knowledge
at the transmitter, capacity increases with correlation.

For the multiple terminal case, the capacity of MIMO-
MRC in an uncorrelated environment was considered in [11],
and was shown to scale double logarithmically with the
number of terminals. Systems with transmit correlation and
a single receive antenna per terminal were analyzed in [12],
and capacity was shown to scale logarithmically with the
correlation coefficient. These results, however, do not extend
easily to the case of MIMO-MRC systems with either semi- or
double-correlation. In addition, the capacity expressions given
in [11,12] are inaccurate for practical numbers of terminals
(e.g. < 50).

In this paper, we consider MIMO-MRC systems with multi-
ple terminals and spatial correlation at either or both the trans-
mitter and receiver ends. We present new accurate capacity
approximations by deriving new expansions for the cumulative
distribution function (c.d.f.) of the maximum eigenvalue of
uncorrelated, semi-, and double-correlated Wishart matrices,
and using tools from order statistics. Our results apply for
both broadcast and multiple-access channels.

We also analyze the effects of correlation on capacity. We
first consider a case with semi-correlation and show that our
capacity approximation increases with correlation. We then
consider a case with a large number of terminals (with a fixed
number of antennas) and quantify the benefits of correlation
for both the semi- and double-correlated scenarios. Our results
demonstrate that capacity scales logarithmically with the max-
imum eigenvalue of the correlation matrix at either/both the
transmitter or/and receiver end. This generalizes the results of
[11,12] to arbitrary correlation models and multiple antennas.
Our results are confirmed through comparison with Monte
Carlo simulations.

II. SYSTEM MODEL AND CAPACITY

We start by describing the broadcast channel, where the
broadcast node has N; antennas and each of the K terminals
has N, antennas. Considering the case where there is spatial
correlation at both the transmitter and the receivers, and
employing the common Kronecker model (as used in [6,7]),
the channel between the broadcast node and the kth terminal
is given by

1
H), = R7H,1S? ~ CNy, v, (On,«n, Ry ®S) (1)
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where R, € CN*Nr and S € CNe*Ne are the re-

ceive and transmit correlation matrices, and H, , ~
CNn, N, (On, N, In, @In,). Note that here we have used
standard notation from multivariate statistical theory (see eg.
[7]), with CN N, n, (On,xn,, Rk ® S) representing a zero-
mean N, x N; complex Gaussian matrix, with each of the
columns having correlation matrix Ry, and each of the rows
having correlation S. Note that the transmit correlation is the
same for all channels since the Kronecker model assumes that
correlation is dominated by local scatterers. The general model
in (1) is referred to as the double-correlated channel model.
We will also consider semi-correlated channel models where
the correlation is at the end with the least number of antennas;
meaning that either S or all Ry ’s are identity. For the multiple-
access channel, the channel is defined similarly but with the
role of the transmitter and receiver reversed.

We define /\Er]fgx to be the maximum eigenvalue of HlHk,

and define Amax K E max(/\gﬁgx, ,/\Enlil) We also define
kmax to denote the terminal corresponding to Apax, . For the
broadcast channel, the broadcast node sends only to terminal
kmax. For the multiple-access channel, terminal &y, is the only
one to transmit to the multiple-access node. In both cases, full
channel state information (CSI) is assumed to be known at the
receiver, but only the eigenvector corresponding to Amax, k1S
required at the transmitter. Note that only one terminal is active
at any one time.

This form of access protocol is suited to any top layer
applications that are delay tolerant, such as file sharing. It
is also suited to more general top layer applications whenever
the environment is such that the transmission channel changes
significantly between packets. From a fairness point of view
it is important that each terminal is selected to transmit often
enough to meet the delay constraints of the application'.

The received vector is

r=+7Hy, wr+n 2)

where z is the transmitted symbol satisfying E [|z[?] =1, w
is the IV; x 1 transmit weight vector with F [||w||2 =1,n
is the additive noise vector ~ CN'n, 1 (On, x1,In, ), and 7 is
the transmit SNR. At the receiver, the signal is multiplied by
the vector WTHLW, according to the MRC principle, to give

z= WTHLMXI‘ = \/;YWTHLWHk’ wzT + WTHLmaXn . 3

max

The SNR at the output of the MRC receiver can be expressed
as

vy = "waH;LmMHkmaxw . 4)

The transmit weight vector which maximizes (4), denoted
by Wopt, is the eigenvector corresponding to Amax, x [3]. This
gives

’y = leptHLmukamaxwopt = ﬁAmaX:K : (5)

IFor channels which do not vary sufficiently between packets, more sophis-
ticated access protocols such as proportional fair scheduling and opportunistic
beamforming [13] may be needed to guarantee fair channel access amongst
the different terminals. The analysis of such algorithms is beyond the scope
of this paper

The resulting capacity for the MIMO-MRC system with
multiple terminals is given by

Cmulti = E[10g2(1 + ’7)\max,K)] (6)
— [ om0 i )
0

where fy,..  (-) is the probability density function (p.d.f.) of
Amax, k- Using a result from order statistics [14], (7) can be
written as

o = [ (1430 T By, () (30 2280
mult = og Yyx k) (T —_ x
1t o 2 P Amax — F/\(k) (l’) )

where F\,¢ () and f ) (-) are the c.d.f. and p.d.f. respec-

tively of )\I(rlfax.

This expression can be simplified in situations where
the correlation matrices for all terminals are the same (ie.
R, = R for the broadcast channel and S; = S for the
multiple-access channel for all & € {1,..,K}). Practical
examples include semi-correlated scenarios with correlation
at the broadcast/multiple-access node only, and uncorrelated
scenarios. For such scenarios we have

o0
Cras = K [ Toga(1-+50) s (0) FE L)z )
where Apax is the maximum eigenvalue for an arbitrary
terminal, with p.d.f. f)_. (-) and c.d.f. F) . (-).

In general, the integrals in (8) and (9) are hard to solve
explicitly, even for the simplest case of a single terminal
system (K = 1) with uncorrelated Rayleigh fading [15]. In
this paper we approximate (9) by

Crutti &~ log, (1 +7 g(K)) (10)

where

1
K)y=F"' | ——— . 11
g( ) Amax (1—}—@25_111) ( )
This expression is obtained by first noting that for a random
variable X following a symmetric distribution, with c.d.f.
Fx(-) and largest order statistic X, we have the following
inequality [16]

HXk]<F;1< (12)

1
1+e25?1>'
This upper bound has been shown to be tight for a Gaussian
distribution [14]. Now defining m = max(N;, N,.) and n =
min(Ny, N;.), Cutti = E[logs (1 + FAmax, k)] converges to a
Gaussian distribution for fixed n and as m — oo [17]. Thus,
we substitute X = log, (14+5Amax) into (12), and apply simple
algebraic manipulation to obtain (10).

We will focus on evaluating (10), and show that it yields
an accurate approximation for (9). As such, unless otherwise
specified, for the remainder of our mathematical analysis we
will drop the subscript £ from Ry, and Sj,. Following this, we
will also show that (10) can be used to provide an accurate
approximation to (8) in the general cases when the Ry’s (or
Si’s in the multiple-access case) are not all the same, by
setting R (or S) to be the average of the Ry’s (or Si’s).
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TABLE I
K—T1 FOR DIFFERENT NUMBER OF USERS, K
l4e Zi=1 7
K
1te Zf(z_l1 %
1 0.5
2 0.7311
5 0.8893
10 0.9442
20 0.9720
30 0.9813
50 0.9888
100 0.9944

To calculate (10), we require the inverse function of
Fy,... (+). Unfortunately, for uncorrelated, semi- and double-
correlated scenarios, F)_, (-) is a complicated determinantal
function [3,4, 6, 18], and the inverse calculation is intractable
in general. Progress can be made, however, by noting that
the argument of the inverse c.d.f. in (10) is close to unity for
typical values of K, as shown in Table I. In other words, we
are dealing with the tail of the c.d.f.. This result motivates us
to derive new expansions for F) . (-) which are accurate in
the tail, and admit simple formulation of the required inverse.

We first define the matrices X € C"™*™ and 2 € C™*"™ with
eigenvalues o1 < ... < g, and wy < ... < w,, respectively, as
follows

E—{ R for N, > N
1S

for N, < Ny

0- R for N, <N,
1S for N, >N,

13)

With these definitions, note that the maximum channel eigen-
value A ax is statistically equivalent to the maximum eigen-
value of a complex Wishart matrix XX, where X has the
following distribution:

« Uncorrelated fading: X ~ CN .0 (0, I, @ I,)
o Semi-correlated fading: X ~ CN 1, (O, Ly @ )
o Double-correlated fading: X ~ CN oy, 5 (0ppxn, = @ Q)

In the following section we will derive new asymptotic
expansions for the distribution of A, .x for each of these
scenarios. We note that although the uncorrelated and semi-
correlated scenarios can be seen as special cases of the double-
correlated scenario, the results do not decompose easily and
will be treated separately. These expressions will then be used
to investigate capacity, and to show that correlation increases
capacity in multiple terminal MIMO-MRC systems.

As an aside, it is interesting to note that the capacity
increase with correlation result indicates that the maximum
singular value of R%HwS% must be greater than the maxi-
mum singular value of H,, on average; since in uncorrelated
channels MIMO-MRC transmits along the maximum singular
value of H,,, whereas for the correlated scenarios transmission
is along the maximum singular value of R2H,S?.

III. C.D.F. EXPANSIONS FOR THE MAXIMUM
EIGENVALUE OF COMPLEX WISHART MATRICES

The following theorem applies to the uncorrelated scenario.
Theorem 1: Let X ~ CN pyn (Omuscns Iy @ 1,). The c.d.f.
of the maximum eigenvalue of the complex Wishart matrix

XX is given by?

n n T+p+q—2 2t
(@) =1 — cige™™ Z Z Cp.aKpq Z H
p=1g=1 t=0
+ 0(6—2;81‘2m+2n—4) (14)

where asia = 1/([Tp_,(m — k)!(n — k)!), 7 = m — n, and
Cp.q is the (p, q)*™® cofactor of the n x n matrix K with (i, j)™

element K; ; =I'(1+i+j—1).
An alternate expansion with slower decaying O(-) terms is
671$m+n72

A T T

4 O(efmxm+n73) )
(15)

Proof: The proof follows a similar line of reasoning
to the semi-correlated case which we presented in a recent
conference paper [19], and is omitted due to space constraints.

|

Note that (15) can also be obtained by integrating the p.d.f.
derived in [11].

The following theorem applies to the semi-correlated sce-
nario.

Theorem 2: Let X ~ CNpyn (Omscn, Iy @ €2). Then the
c.d.f. of the maximum eigenvalue of the complex Wishart
matrix XX is given by

L& (a)
F)\nlax (.13) =1 — agemie “» Z me,Vp,n wty;
=1

3
p= t=

+O(e” T g™ (16)

where Qgemi = 1/ det (V), and D, , is the (p,n)*™™ cofactor
of the n x n matrix V with (i, )" element V;; = 1/w§71
and wy < ... < w, are the eigenvalues of €.

An alternate expansion with slower decaying O(-) terms is

n—m ,,m—1 -

w T e wn z
Fypoe () =1 - & + O(e wn g™ 2).
Ama ( ) (m . 1)| H?;ll(wn . w,i) ( )
(17)
Proof: See [19]. [ |

The following theorem applies to the double-correlated
scenario.

Theorem 3: Let X ~ CN 5 (Omxn, X ® Q). Then the
c.d.f. of the maximum eigenvalue of the complex Wishart
matrix XX is given by

e*ﬁwn—lanl,—l
n m

175 (om — o) T (wa
+ (’)(eiiafl)

Py () =1~
—w)

(18)

where ¢ = wyo,—1 for o, < wy, and ¢ = w,_10,, for
Om >= wy. Also, 01 < ... < 0, are the eigenvalues of X
and wy < ... < w, are the eigenvalues of €.
Proof: See Appendix A. [ |
Since we are interested in the tail of the c.d.f., we define
Fy,..(z) to be Fy,_._(z) given in the theorems above, but
without the O(-) term. Note that in all three cases, Fy, ()

2f(z) = O(g(z)) means there exists a non-negative constant a such that

)
sy | <o

limg—oo |
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O Monte Carlo Simulation

Approximation
. I I I I

10 15 20 25 30 35 40 45 50
X

Fig. 1. C.d.f. of the maximum eigenvalue of complex Wishart matrices, for

different correlation scenarios. The curves are for Ny = 4 and N, = 4, with

correlation parameters: a? = af =7/30, 6; =0, = % and d¢ = d, = %

is of the form 1 — e~ **.J(x), where « is a non-negative real
number and J(z) is a polynomial.

Fig. 1 shows F__(z) for the uncorrelated (14), semi- (16),
and double-correlated (18) scenarios. The correlation matrices
were constructed using the practical channel model from [20]
with its associated correlation parameters 6y, 0,., o2, o2, d;
and d,.. Clearly our new simple expansions are accurate in
each case.

IV. CAPACITY APPROXIMATIONS

This section presents new approximations to the capacity
for the three correlation scenarios under consideration.

A. Uncorrelated and Semi-Correlated Scenarios

Capacity approximations for the uncorrelated and semi-
correlated scenarios are obtained by substituting F) . ()
based on (14) and (16) respectively, into (10). We evaluate

§(K) = F* %) by starting with go(K) = 1,
max \ | po-Tig T
and iterating the following expression

. 1 .
9i+1(K) = — (In(J(g;(K)) +In(N(K)))  (19)
until convergence where N(K) = 1 + eX 5%, and where

for the uncorrelated case

a=1
cipraz g 20)
J(z )*andzp 12(1 1CpaKpgd i2 é) ! kil
and for the semi-correlated case
a= wl
N —p (a:r) @b

J(J)) = Olsemi Zp 1 Dp an n E

Simulations indicate that (19) has a fast rate of convergence.
The exact rate, however, depends on the number of antennas
and correlation in the system. For example, using the same
semi-correlated scenario and antenna configuration in Fig. 1,
running the iteration only 5 times for Fy, (z) = 0.833
results in an almost negligible error of only 0.06%.

Capacity (Bits/Sec/Hz)

Analytical Approximation
O Monte Carlo Simulation
—8— Zhou et al 2006

0 10 20 30 40 50
Number of Terminals, K

Fig. 2. Capacity of multiuser MIMO-MRC in uncorrelated Rayleigh fading,
with SNR 4 = 0 dB.

Capacity (Bits/Sec/Hz)

Analytical Approximation
O Monte Carlo Simulation

2 ‘ ‘ ‘ ‘
0 10 20 30 40 50
Number of Terminals, K
Fig. 3.  Capacity of multiuser MIMO-MRC in semi- (receive) correlated

Rayleigh fading, with SNR 5 = 0 dB, and correlation parameters: o2 =

/15, 0r = 5 drff.

We denote geony(K) to be the converged value from (19).
Substituting this into (10) in place of g(K ) gives an approxi-
mation to capacity as follows

C(multi ~ IOgQ(l + 7gconv(K)) . (22)

Fig. 2 shows the capacity for uncorrelated fading, for
different N; and N,. The analytical approximation curves
were obtained using (19), (20) and (22). We see that these
curves accurately approximate the Monte Carlo simulated
curves in all cases. For comparison, we also present the
previous capacity approximation from [11], for the case of
2 x 2 antennas. We clearly see that our new approximation is
much more accurate for all practical K values.

Fig. 3 shows the capacity for semi-correlated fading (receive
correlation), for different NV, and N,.. The analytical approxi-
mation curves were obtained using (19), (21) and (22). Again,
we see that the analytical curves accurately approximate the
Monte Carlo simulated curves in all cases.
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Capacity (Bits/Sec/Hz)

257 Analytical Approximation i
O Monte Carlo Simulation
2 1 1 1 1
0 10 20 30 40 50
Number of Users, K
Fig. 4. Capacity of multiuser MIMO-MRC in double-correlated Rayleigh

fading, with SNR 4 = 0 dB, and correlation parameters: af =7/30, 0y =
0, = %, de =d, = % The receive angular spread a% is randomly generated

from a uniform distribution with values ranging from 0 to 7.

B. Double-Correlated Scenario

For the double-correlated case, we obtain capacity approx-
imations by taking the average of the correlation matrices
of each terminal. More formally, denoting the correlation
matrix of the kth terminal by £2,3, and defining the aver-
age correlation matrix Q = % Eszl Q. with eigenvalues
@) < ... < @y, we start by substituting Fy___(z) in (18) into
(10), but replacing €2 by €. We then proceed along similar
lines as for the uncorrelated and semi-correlated cases and
substitute

1

WnOm

a =

wptop !

Ty =J= 72 (om—o) 172 (@n—:)
into the iterative algorithm (19), and substitute the converged
value geony(K) into (22) to obtain the desired capacity approx-
imation.

Fig. 4 shows the capacity for the double-correlated case,
for different NV, and N,., considering a scenario where there is
high correlation at the transmitter, and different correlation at
the receivers. The receive correlation matrices were randomly
generated by varying the receive angular spread o2 according
to an uniform distribution ranging from 0 to 7. The capacity
approximations were generated using (22). We see that our
analytical approximation curves accurately approximate the
Monte Carlo simulated curves in all cases.

(23)

V. EFFECT OF CORRELATION ON CAPACITY

This section explores the intuitive notion that the beam-
forming approach of MIMO-MRC can successfully exploit
the spatial selectivity arising in channels exhibiting spatial
correlation, in the case of systems with multiple communi-
cating terminals. In other words we are interested in finding
out whether correlation increases capacity for MIMO-MRC

3Note that here we assume that the broadcast/multiple-access node has the
most antennas. Derivation of capacity approximations for the case where the
broadcast/multiple-access node has the least antennas is straightforward.

systems with multiple terminals. While we conjecture that this
is always true for all system parameter values, it is difficult
to prove, and harder to quantify. In the following sections we
consider three special cases.

A. Semi-Correlated 2 x m

In this first case we consider a 2 X m system with semi-
correlation. For this system we are able to derive an analytical
condition under which the capacity approximation derived in
Section IV increases with correlation; given in the following
lemma. Note that while this is not a necessary condition, it is
sufficient.

Lemma 1: The capacity approximation given in (10) for the
semi-correlated 2 x m case increases with correlation if

2 2
w1” twsa

W2 — w1

yW1, W2

(24)

1
st > F s (mwl +
e i=1 i

where F . (+;-,-) is given in (52).
Proof: See Appendix B. [ ]

The condition in Lemma 1 can be easily calculated numer-
ically using (52).

Fig. 5 plots curves showing the case of equality in (24).
The equality determines the minimum (or threshold) value of
wo (the maximum eigenvalue of the correlation matrix €2) for
which (24) is satisfied. The corresponding values of w; are
obtained by substituting w; = 2—ws. The curves are shown as
a function of the number of receive antennas, m, for different
numbers of terminals, K. For example, when m = 6 and
K =5, (24) is satisfied when 1.15 < w9 < 2. From the figure
we can see that the wo threshold values are much closer to 1
than they are to 2, so clearly the condition in Lemma 1 holds
for most correlation scenarios.

Fig. 6 shows curves for capacity vs. wo, obtained via Monte
Carlo simulations, for m = 5, and for different K. Also
shown are the threshold values of ws derived from (24), as
described above for Fig. 5, indicated here by circles. The figure
shows that, as conjectured, capacity is an increasing function
of correlation for all values of correlation, even below the
values predicted in (24).

B. Double-Correlated Numerical Analysis

In this second case we consider double-correlation and show
that again, correlation increases capacity. Fig. 7 shows the
capacity for a 5 x 2 system with different numbers of users,
K. The horizontal axis corresponds to antenna correlation in
the following way. The correlation matrix for each terminal is
different, and is generated by randomly selecting an angular
spread according to an uniform distribution from O to a
particular upper limit. The horizontal axis of the graph shows
the upper limit for each scenario. Fig. 7 clearly shows that
capacity increases with increasing correlation at the receiving
terminals. Again, we see that our analytical approximations
are an accurate approximation to the Monte Carlo simulated
curves.
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o, threshold
n
T

|
2 4 6 8 10 12 14 16
Number of antennas, m

Fig. 5. Minimum (or threshold) value of the maximum eigenvalue wo of
the correlation matrix €2, for which the condition (24) is satisfied.

4.6 T T T T
4.4t 1
N
z
o
Q
kY
2
5
=2
‘©
©
Q.
©
O
3.2 . . . .
1 1.2 1.4 1.6 1.8 2
Max. eigenvalue of tx. correlation matrix,m2
Fig. 6.  Capacity of multiuser MIMO-MRC in semi-correlated Rayleigh

fading vs the maximum eigenvalue wo of the correlation matrix €2 with SNR
4 = 0 dB, and correlation parameters: 6; = %, dy = % The w2 values
are generated by varying the transmit angular spread (7?. Circles indicate the
minimum value of wo such that the condition (24) holds.

C. Large Number of Users, K

In this third case we examine the capacity behavior in
the large-K regime for the uncorrelated, semi- and double-
correlated scenarios.

The following theorem shows that there is a ‘capacity
offset’ due to correlation in the semi- and double-correlated
scenarios. The capacity offset is defined as the constant offset
in capacity taken with respect to the reference uncorrelated
channel, as KX — oo. Note that in the double-correlated
scenario, the theorem is limited to the case when all terminals
have the same correlation. (As demonstrated previously, when
the terminals have different correlation matrices the capacity
can be approximated accurately by assuming that the terminals
all have the same correlation, given by the average of their
original correlation matrices.)

g 45 K=5 ]
5 | ——C o o o0 o o ¢
% o o ©
2 6 00 900
<)
2> 47 1
g K=2
3 -

o 0o o 0o o 00 o O 0 o0 © o O O
35F b
Analytical Approximation
O Monte Carlo Simulation
0.75 0.65 0.55 0.45 0.35 0.25 0.15 0.05
Upper limit to receive angular spread (radians)
Fig. 7. Capacity of multiuser MIMO-MRC in double-correlated Rayleigh

fading with SNR 4 = 0 dB, Ny = 5, N, = 2 and correlation parameters:
0, =60 = g, dr =dy = % and (7? = 7/30. The correlation matrices for
each user are randomly generated by selecting their receive angular spread
o2 from an uniform distribution ranging from 0 to “upper limit’.

Theorem 4: For sufficiently large K,
Cutti = logy In K + log, 7 + CO o

Inln K
+ log, <1+0 (—mK ))

where CO is the capacity offset, given for the uncorrelated,
semi- and double-correlated scenarios as follows

(25)

0 uncorrelated
COx = | logy(wp) semi-correlated (26)
logy(wnoym,)  double-correlated
Proof: See Appendix C. [ |

Note that in the uncorrelated case, a different expression for
the asymptotic capacity was given previously in [11].

Clearly, for Q # I, and ¥ # I,,, we have w, > 1
and o, > 1 respectively, and as such (26) indicates that the
capacity increases with correlation. This shows that correlation
at the transmitter and/or receiver is beneficial for capacity.

Note that CO,, can be viewed as either the reduction in
terminals required to achieve a certain capacity for a given 7,
or the reduction in 7y needed to achieve a certain capacity for
a large number of terminals. Note also that CO, is a similar
concept to the high-SNR power offset considered in [21].

Fig. 8 shows capacity curves for the uncorrelated and
double-correlated case obtained by using the analytical ap-
proximations given in (20), (23) and (22), and compares them
with the large terminal capacity expression obtained in (25).
The capacity offset is clearly observed.

VI. CONCLUSION

We have derived accurate approximations for the capacity
of multiple-access and broadcast channels in MIMO-MRC
systems with correlation. Our results indicate that correlation
increases the capacity, compared with uncorrelated scenarios.
We have explicitly shown this in a semi-correlated 2 x m case
and in the semi- and double-correlated case for a large number
of terminals with an arbitrary number of antennas.
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(=1)" T, (n) det ()™ det ()" det (¥ ()

F = , 27
e (T) Ao (D) A (2) (—a) D2 @7

' ' ' ' ' T ] rows i > 7, we find that
| det (¥ (2)) = 3 (~1)"* 3 det (q,& (a:)) 31)

Capacity (Bits/Sec/Hz)

Phd Analytical Apprpximation
7 — — — Large K Capacity
0 v . . n n n
0 1 2 3 4 5
log2(In(K))

Fig. 8. Capacity vs logs In K in uncorrelated and double-correlated scenario,

with SNR 4 = 0 dB and correlation parameters: 02 = o7 = /30, 0; =

i =
™ 1
0T:§’dt:d7':§'

APPENDIX

A. Proof of Theorem 3
The exact c.d.f. is given by [6, Theorem 1] (see (27)) where
n
In(m)=J]T(m—i+1) and A,, () is a Vandermonde

i=1
determinant in the eigenvalues of the m x m matrix argument,
given by *

m

A (B) =det(o? ) = H (0j — o). (28)
i<y
Also, W () is a m x m matrix with (i, j)"" element
m—1i
(Ui) fori <7
U(2),, =1 __. \7 (29)
’ e “i—7%i P (m; ——wiigj) fori > 7
where 7 = m — n, and
-1 yk
P(z;y):1—e—yzH (30)
k=0

is the regularized lower incomplete gamma function.

We seek an asymptotic expansion of (27) for large =x.
This will be immediate from an asymptotic expansion of
det (¥ (z)). To this end, we find it convenient to first re-
express this determinant, as detailed in the following. Apply-
ing the definition (30) in (29), and then performing successive
applications of the multi-linear property of determinants to

4Here we introduce the compact notation for the determinant of a matrix,
written in terms of the (i, j)*" element.

£=0

{él }

where the second summation is over the set of all possible é "’
where 3 . is defined as

sz{ﬁl<...<Bg}§{7‘—|—1,...,m} (32)
and W (x) is a m x m matrix with (7, j)"" element

m—1i
1
("J)

for: <7

‘I’ﬁk (x)i,j = e (“)17‘7_; )k for ¢ € gé’i > T
—1 \ "o . .
o e forz¢§£,z>r

(33)

Note that this form is particularly convenient for deriving an
asymptotic expansion as x becomes large. Specifically, from
(33) and the definition of the determinant, we see that as =
grows large, det (‘I’g/ (z)) decays to 0 as the product of ¢
decaying exponentials and n—/ polynomial terms in x. Hence,
for large x, the determinant sum in (42) is dominated by the
terms corresponding to ¢ = 0 and ¢ = 1. Consider the case
¢ = 0. Using repeated application of the multi-linear property,
we can write

det (‘I’ﬁo (a:)) = mz_:l . Til det (‘I’é(),{kl,...,kn}(x))
k1=0  kn=0

(34)

Z Z det (‘Iféwg(x))

0<k1<...<kn<m—1 {a}

(35)

where {a} is the set of permutations o = {ay,...,a,} of
the numbers {k1,...,k,}, and Vs o (z) is a m x m matrix

with (i, j)'" element
m—i
1
(%)

o
_ ™ i—T
Wi—r0;j

OzifT!

fori <7

¥g,a(),, =1 (36)

2,

fori> 171

Note that (35) followed from (34) by noting that the deter-
minants in (34) are zero whenever any of the k;’s are equal.
Removing row factors now yields

n
n 1
" ks
— i=1 I I -
0<k1<...<kp<m-—1 i=1

<3 (ke ) (3,000

{a} \i=1 "

det (‘I’ﬁo (x)) =

(37)
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where \ilﬁog (z) is a m x m matrix with (,7)*® element
m—i
¥ (@) (0_17) fori <7 38)
Byal\l) == eiog
- - (UL) fori> T
J

Now the determinant of (38) is zero whenever « (or
{k1,...,k,}) has any element taking a value from
{m —7,...,m — 1}. Therefore after some algebraic maniu-
plation, (37) becomes (39) where « is now simply the set of
permutations of {0,...,n — 1}. Re-ordering rows and using
the definition of the determinant, we have

det (‘Ilﬁo (x)) = M det (‘i’go,{o,...,n—l}(x))

Ly (n)
< 3 (-1yper) (ﬁ wﬂ)
i
_ (o)™ %n(n) (=)= 1)/2(_ymlm—1)/2
< det ((i)f‘l) det ((U%)H)
(40)

where per(a) is the inversion number of a. Next, we use (28)
and [6, Eq. (56)] to give

e o 0) - S

A ()AL (E)
det ()1 det(X)m—1
(41

We can now substitute (41) into (31) to re-write the c.d.f.
of Amax 1n (27) as follows

Fn (n) det (Q)”_l det (E)m,_l
A () Ay, (B) (—a)" "0/

X zn:(—w 3 det (\pgl(x)) .
=1 {8,}

We now consider the expansion when ¢ = 1 in (42), which
gives

Py () =14

(42)

n(2m—1-n)

) Am
x det(\Ilgl(x))—I—O(e—x(u,,om-iri)x Sy

(43)

We now simplify the determinant sum in (43). Using
Laplaces’ expansion we can write

3 det (\I:ﬁ ) Z Z
{ﬁl} t=7+1r=1

x det (g(t’r)(x))

where W) () corresponds to the m x m matrix ¥ (z) with

elements
m—i
1
("J )

m—1 (7“’7'/—7'".7)

k=0 k!

r+t

T e Tvy

(44)

fori <7

v (x)i,j = (45)

fori > 171

but with the " row and 7" column removed. Proceeding
as in (34)—(35), by repeated application of the multi-linear
determinant property to rows ¢ > 7 in the determinants in

(44), we can write
wsw)- ¥ S
0<ki <...<kn<m—1 {a} Po&
(46)

where Wg_ () is defined as in (36), and {«} is now the set
of all permutatlons a={a1,..., 01,
Qtiy1,...,0p ) of the numbers {ki,...
Removing row factors yields

det (i(t’r) (x)) = Z

0<ky <...<kn<m—1

7kt—17 kt+17 s kn}

(_:I:)Z;,',Lzl,i;ét—ﬂ' ki

n n
1

I 52l O =

i=1,iAt—T7 {a} \i=l,i#t—7 *

det (‘ilgor;(x))
(47)

where ‘I’g o(x) is defined as in (38). For large z, the
summation in (47) is dominated by terms with the largest
exponent of x (i.e. the sets of k;’s which yield the largest
sum). In addition, recall that in order for the determinants on
the right-hand side of (38) to be non-zero, we require that
k; < n for all 7, and that these k;s be unequal. Hence, at large
T we can write

det (\wm (x)) = (—z)Zi=2(=D) (H ﬁ)

n

1 T 71(77 1)
SOTT ] e (8470 + 065
{a} \i=1,i#t—1 Wi o
(—z)n(n=1)/2 n . ( .
I'(n) Z 4 H o det Oxa( z)
{a} \i=1l,i#t—T7
+OE=T (48)
where « is now simply the set of permutations of {1,...,n—

1}. Now performing manipulations along the lines of (40)-(41)
we obtain

_ . a\n(n—1)/2 (t—7) (r)
det (‘I’(r’t)(l’)) _ ( 1’) An (Q)Am (E)

Tn(n) det(Q2 )"—1 det(X)m—1
x oM =lrl 4 O™ Y 49)
where Al )(Q) and A(mr)(E) are  Vandermonde
determinants in {wiy ey W—1, Wity ey Wh ) and
{01,...,00—1,0041,...,0m} respectively. Finally, we

substitute (49) into (44) and (43), and consider only the
largest exponent of the exponential to obtain the desired
result in (18).

B. Proof of Lemma 1
For this proof, we invoke the following results from ma-
jorization theory’. Consider two vectors x,y € R7. We

SOther related papers have also used results from majorization theory [22,
23].
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(_x)n(n—l)/Q

L (n) &

det (\IIEU (a:)) = Z <ﬁ w%) det (\iféwg(a:))

{a} \i=1 ¢

say X majorizes y with notation x > y if >} _, zp >
Zi:l ykavp = 17"'7q — 1, and ZZ:l T = ZZ’:l Yk A
real valued function © defined on A C R? is said to be
Schur-convex on A if x > y implies O(x) > O(y) [24].
To prove that © is Schur-convex, it is sufficient to establish
the following two conditions: it is a symmetric function of x,
and

>0

00 5@> (50)

(o= o) (5o 5o

(51‘1 (51‘2

for all xq,xo [24].
Now consider the specific case when O is given by the
capacity approximation in (10), ie.

O =log, (1 +79(K))

1
— log, (1 FAE, <1 —sy ;wl,w2>> (51)
e i=1 1

and let x1 = wo and xo = wj in the 2 X m semi-correlated
case we are considering®. We can now see that in order to
prove the capacity approximation is an increasing function
of correlation, it is sufficient to show that it is Schur-convex
with respect to (w.r.t.) w; and ws. To this end, we must
first establish that (51) is symmetric in w; and ws. This is
immediately verified upon noting that for the 2 x m semi-
correlated case [3] (see (52)) where P(-,-) is defined in (30),
which is clearly symmetric in w; and ws. We must also
establish that the second Schur-convexity condition given in
(50) is satisfied, ie.

5log2<1+—ﬁf’1Ammc<11;—§?fTTﬁuq,w2>>

5(4}2

dlog, (1 +FF <#—11;;w1,w2>>
o 1+e i= i Z 0

&ul

(53)

which is the main challenge. After some algebraic manipula-
tion and application of the Implicit Function Theorem, (53)
evaluates to

5FAmax (g(K); wl? (UQ) _
&ul

5FAmax (g(K); wl? (UQ)
5WQ

>0. (54)

Using (52), (30), and the expansion e” = Z;io mk—T, we
evaluate the condition (54) as follows

DI ALBN GG A
= El(wywsg)k—m wo — w1

—ws " (W T 4 Wb g(K)
29" (K)

m—1)y =

(55)

— m(w’f*mwg + wlgmwl)) +

%Note that in this section we explicitly show the dependence on w; and
w2 in the argument of the c.d.f. F . (-).

Let us now define the following finite summation

m-—+c

k (K c—m c—1m
Y02 Y i (e )

Wf7m+2 k—m

2 k—m 2 k—m+2
+ wiwy — Wy

—Wy Wi

wWo — W1

29" (K
X —m(wh ™ wy —l—wg_mwl)) + (Tii—(]_;' .

(56)
Note that this is the left-hand side of (55) for ¢ — oo. After

factoring out common terms, we can express (56) according
to the following difference equation

YT(c)="(c—1)
g (K) (wf“ + wiwf — wf —wi"
(m~+ ) (wrwa) wo — w1

+ (Wi +w3)g(K) — m(wjwz + w§w1>> (57)
with
(58)

Now we establish a sufficient condition such that (55) holds,
via induction on Y(c), using (57). First note that Y(0) >
0, since g(K) > 0 by definition. We start the induction by
assuming that

Te-1)>0 (59)

and we seek conditions such that Y(¢) > 0. From (57), this
holds if

gm-l—c(K)
(m + o) (wrw2

2 2
(w?* + wiwi — w§ —wy"
)c

wWo — W1
F(wi +w3)g(K) — m(wiws + w§w1)> >0. (60)

After some algebraic manipulations, this condition can be
rewritten as

((w% + w2 + mw (we — w))

- () 1)

- <ﬂ> (w% + w% — mws(ws — wl))> 61)
w2

g(K) >

Since the right hand side (RHS) is a bounded monotonically
increasing function of ¢, the condition in (61) is certainly met
if we replace the RHS with its limit as ¢ — oo, giving the
weaker condition as follows

w%—f—w%

g(K) > mwy + (62)

Wy — W1



T
m, —
w1
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2o oer2)
)o(or2)

(52)

1
Praw(ionon) = 22 (Zp
wo — W1 w1
1
x ——P
w2
Thus, we have proven that when (62) is satisfied, T(c) >  [5]
0,Vc, thereby establishing that the inequality (55) holds, and
hence (54) holds. 6]
Finally, we arrive at the expression in the lemma, by
substituting the definition of g(K) given in (11), into (62). -
|
[8]
C. Proof of Theorem 4
We first give the following lemma: ]
Lemma 2: For sufficiently large K,
K
1 10
Cnai = log [1 +AE;L, (K—H)] (63 1
Proof: The proof follows by applying a general result [11]
from order statistics [14, Eq. 4.5.1] to Cyui in (6), and
performing some simple algebraic manipulation. L IPY
For large K, we need only consider the c.d.f. expansions
given in (15), (17) and (18), which are of the form F(x) = 1)
1— ezt In addition, these c.d.f. expansions approach the
actual c.d.f. for large . Now the FA_,,,lax KLH term in (63) (14
can be solved by substituting N(K) = —Klil and J(z) = 2t
into the iteration (19) given in Section IV. As K is large, only  [15]
one iteration is needed, since more iterations would produce
nested In terms which have negligible effect. This gives for [16]
large K
B [17]
Crnatei = log, (1 + 2 mK +Ina+O(nln K)]) (64)
“ . " (18]
=log, In K + log, (a) + log, <m +1
Ina o Inln K (1]
In K In K
~ Inln K
—~logyIn K +log, (2 ) +logy (1+0 (=== (201
0gz In A +logy | - +0g2< + (th )>
The capacity offset is given by CO, = % The proof follows
by substituting the specific values of a for the uncorrelated, (21
semi- and double-correlated scenarios, given in (20), (21) and
(23) respectively. [22]
[23]
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